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Abstract
In a classical conformal invariant supersymmetric gauge theory, the chi-
ral R-symmetry current jµ, the supersymmetry current sµ and the energy-
momentum tensor θµν constitute a supercurrent multiplet. There are two dif-
ferent superconformal anoamly multiplets in four-dimensional supersymmet-
ric gauge theories, one originating from the supersymmetric gauge dynamics
and the consequent nonvanishing β-function, and the other one coming from
the coupling of the supercurrent multiplet to the external supergravity multi-
plet with non-trivial topology. We emphasize that in the gauge/gravity dual
correspondence these two types of superconformal anomaly multiplets have
distinct reflections in the classical supergravity: the anomaly multiplet due
to the supersymmetry gauge dynamics is dual to the spontaneous symme-
try breaking and the consequent super-Higgs effect in AdS5 bulk supergrav-
ity, while the anomaly multiplet originating from the non-trivial topology of
external conformal supergravity mutiplet is a boundary effects of the AdS5
space.
I. INTRODUCTION
In Ref. [1], Klebanov, Ouyang and Witten has investigated the gravity dual of the chiral
UR(1) symmetry anomaly in N = 1 cascading SU(N +M)×SU(N) supersymmetric gauge
theory using the gauge theory/gravity duality correspondence [2–4]. They showed that on
the gravity side the chiral UR(1)-symmetry anomaly of above supersymmetric gauge theory
is a classical feature and behaves as a spontaneous breaking of gauge symmetry in the N = 2
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U(1) gauged AdS5 supergravity. This statement is supported by the observation that the
the vector field dual to the R-symmetry current of the supersymmetric gauge theory has got
a mass through a Higgs mechanism. In the paper, the authors wrote “It is interesting that
the anomaly appear as a bulk effect in AdS space, in contrast to previously studied examples
[4,5] where anomalies arose from boundary terms ”. The aim of this paper is to emphasize
the origin for this interesting phenomenon in the gauge/gravity dual.
In fact, in the gauge theory side the answer to this puzzle is very straightforward. The
anomaly discussed by Klebanov, Ouyang and Witten [1] and those studied in Refs. [4,5]
have completely different physical origin. The former comes from the quantum dynamics
ofa N < 4 supersymmetric gauge theory and the anomaly coefficient is the beta function
of the theory [6,7,9,10], which is usually an internal anomaly [10]; While the later arises
from the coupling of a suerpsymmetric gauge theory with an external gauge field. If the
geometry and topology of the external gauge field configuration is non-trivial, then this type
of anomaly arises [7,9,10]. The former anomaly is actually a quantum correction to the
latter one [11]. This is the reason why there exist two distinct gravitational correspondences
to the superconformal aonmaly.
Once the field theory origins for these two types of anomaly have been understood, the
next step is to reveal the distinct features of their gravitational correspondence in terms of
the gauge/gravity dual. However, it is necessary to emphasize the specific feature of the
anomaly for space-time symmetry in a supersymmetric field theory before we proceed. As it
is well known, the N = 1 space-time supersymmetry is composed of the Poincare´ symmetry,
supersymmetry and the chiral R-symmetry with generators Mµν , Pµ, Qα (α = 1, · · · , 4) and
R, respectively. The corresponding three No¨ther currents, the energy-momentum tensor
θµν , the supersymmetry current sµ and the chiral R-symmetry current jµ must constitute
a supercurrent multiplet [12,13]. Further, in a supersymmetric theory with classical scale
symmetry this supercurrent multiplet (jµ,sµ,θµν) is actually a superconformal current multi-
plet [12,13]. At quantum level, when one member in the supercurrent multiplet suffers from
anomaly, the other two members should also become anomalous. These anomalies should
constitute an anomaly multiplet since the Poincare´ supersymmetry persists [7–10]. There-
fore, when we investigate the gravitational dual description to the space-time symmetry
anomaly in a supersymmetric theory, we should consider the whole anomaly multiplet. In
this paper we consider the superconformal anomaly (∂µj
µ, γµsµ, θ
µ
µ), which form an N = 1
chiral supermultiplet.
The approaches of revealing the gravitational descriptions to these two types of anomaly
in terms of the gauge/gravity correspondence are completely different. The external super-
conformal anomaly arises from the coupling of a supersymmetric gauge field theory with
an external conformal supergravity in four dimensions [7,8]. This anomaly multiplet can be
directly calculated with the holographic definition on the AdS/CFT correspondence [3,4].
As it is well known, the original AdS/CFT correspondence conjecture [2] states that the
type IIB string theory in the AdS5 × S5 background with N units of R − R flux passing
through S5 should describes the same physics as N = 4 SU(N) supersymmetric Yang-Mills
theory. Later, Gubser et al [3] and Witten [4] made this conjecture concrete and proposed
a holographic version on this correspondence. This concrete definition has two formula-
tions. One is based on the canonical quantization of a field theory system, which states that
there exists a one-to-one correspondence between a quantum state of type II superstring
2
in the AdSd+1 ×X9−d target space-time and a gauge invariant operator of a d-dimensional
conformal field theory defined on the boundary of AdSd+1, X
9−d being a compact Einstein
manifold [4]; The other formulation is established through the path integral quantization
on a field theory system. It states that the partition function of type II superstring the-
ory as a functional of the boundary value of the AdSd+1 bulk supergravity field should be
identical with the generating functional for the correlation function of some gauge invariant
operators of a d-dimensional conformal field theory in the external field furnished by the
boundary value of the AdSd+1 bulk field [4]. At low-energy level, the type II superstring
theory is approximated by its low-energy effective theory, the type II supergravity [14]. Sub-
sequently, the partition function of type IIB superstring can be calculated with the saddle
point approximation, i.e., it can be evaluated as the exponential of the supergravity action
in a field configuration which is determined by the classical equation of motion with initial
condition AdSd+1 × X9−d. The dual field theory must be in its large-N limit. Further,
taking into account the spontaneous compactification [15] on X9−d of type II supergrav-
ity [17,18] and assuming that there exists a consistent nonlinear truncation of the massless
modes from the massive Kaluza-Klein spectrum [16], we should a gauged AdSd+1 super-
gravity. The AdS/CFT correspondence between a on-shell gauged AdS5 supergravity [19]
and a four-dimensional supersymmetric gauge theory in an off-shell conformal supergravity
background can thus be established. In particular, this off-shell four-dimensional conformal
supergravity [20,21] comes from the reduction of five-dimensional gauged supergravity on
the boundary of AdS5 space [22,23]. Consequently, the bulk supersymmetry in gauged AdS5
supergravity convert into the superconformal symmetry of four-dimensional conformal su-
pergravity [24]. That is, the bulk gauge symmetry decomposes into a vector- and an axial
vector gauge symmetry [4]; the bulk diffeormorphism symmetry becomes a diffeormorphism
symmetry and a Weyl symmetry [25]; the bulk supersymmetry separates into a Poincare´
supersymmetry and a super-Weyl symmetry [22,23,26]. However, the on-shell action of the
asymptotically gauged AdS5 supergravity cannot keep the symmetries in each pair simul-
taneously [4,5,26]. Usually the vector gauge symmetry, the diffeormorphism symmetry and
the Poincare´ are required to be satisfied. Therefore we can get the external superconformal
anomaly from the on-shell action of gauged AdS5 supergravity near the AdS5 boundary.
This is usually called the holographic superconformal anomaly [4,5,26,24].
For the internal superconformal anomaly in an N < 4 four-dimensional supersymmetric
gauge theory, the case becomes complicated. Since this anomaly stem from the quantum
dynamics of a supersymmetric gauge theory itself [7,9,10,13] and has nothing to do with the
external conformal supergravity background, we cannot look for its gravitational correspon-
dence using the holographic version on gauge/grvaity correspondence. In fact, the existence
of this type of superconformal anomaly means that the field theory at quantum level has no
conformal symmetry. This is different from the external superconformal anomaly, its exis-
tence does not affect the superconformal symmetry of a supersymmetry gauge theory since
it arises from the coupling of field theory with the external background field and originates
in the non-trivial topology of external field configuration. One typical example is N = 4
supersymmetric Yang-Mills theory in four dimensions. Its energy-momentum tensor, super-
symmetry current and SUR(4) R-symmetry all become anomalous when the theory couples
with an N = 4 external conformal supergravity. But the theory itself is still a superconfor-
mal theory since its beta function still vanishes. According to the symmetry identification in
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the AdS/CFT correspondence [31], the global superconformal symmetry on the field theory
has the exactly counterpart with the local supersymmetry in gauged AdS5 supergravity.
That is, the R-symmetry in the gauge field theory corresponds to the gauge symmetry of
the AdS5 gauged supergravity; the space-time conformal symmetry SO(2, 4) is exactly the
isometry symmetry of the AdS5 space; the conformal supersymmetry of the field theory
goes to the local supersymmetry of the AdS5 supergravity. Therefore, we must go beyond
the AdS/CFT correspondence to to find the gravitational dual description to the internal
superconformal anomaly.
How can we carry on to get the dual of the internal superconformal anomaly? Let us
recall how the gauge/gravity correspondence is established from the non-perturbative type
II superstring theory. It is based on the fact that a Dp-brane has two distinct features
[32]. on one hand, in weakly coupled type-II superstring theory, it behaves as a dynamical
and geometrical object with open string ending on it. Thus a stack of coincided Dp-branes
at low-energy will yield a p + 1-dimensional supersymmetric gauge theory on the world-
volume of Dp-branes. We can use various D-branes and solitonic branes as well as other
possible geometric objects like orientifold planes to construct various possible brane con-
figurations. In this way any gauge theory in principle can be obtained by such a so-called
“brane engineering” [33,34]; On the other hand, a Dp-brane, as string soliton, carries R-R
charge and couples with p + 1-rank antisymmetric field originating from the R-R bound-
ary condition. This physical property of a D-brane determines that it provides source to
the low-energy effective theory of strongly coupled type-II superstring theory — type-II su-
pergravity. Therefore, it can modify space-time background of string theory and arises as
a p-brane solution to type-II supergravity [35,36]. This is the physical reason behind the
gauge/gravity duality conjecture.
This suggests that we should resort to a D-brane configuration to look for the gravity
dual of the internal superconformal anomaly. Since a supersymmetric gauge theory stems
from a D-brane configuration, all its quantum behaviors including the quantum anomaly
should be sensible from the corresponding D-brane dynamics [33]. Thus we first find how
the superconformal anomaly is manifested in the D-brane configuration, then we use the
gravitational perspective of D-branes to observe how it emerge in the gravity side. In this
way, we can work out the gravity dual of the internal superconformal anomaly [37].
In Sect. II we review the field theory results on both the external and internal superconfor-
mal anomalies of a supersymmetric gauge theory and demonstrate their physical difference.
In introducing the external superconformal anomaly, we show how the the conservation of
the superconformal current multiplet is equivalent to the super-Weyl symmetry of the ex-
ternal conformal supergravity background. So the arising of the external supercomformal
anomaly is converted into an violation of the super-Weyl symmetry in the external conformal
supergravity. This paves the way for the derivation on superconformal anomaly in terms of
the AdS/CFT correspondence. In discussing the internal superconformal anomaly, we stress
that its anomaly coefficient is proportional to the beta function of the theory. Further, we
show that in the quantum effective action it is manifested in the running of gauge coupling
and the shift of the strong CP violation angle. To uncover how the γ-trace anomaly of
is concealed in the quantum effective action, we write the quantum effective action in the
superspace. This facilitate us to find how the superconformal anomaly is reflected in the
D-brane configuration. We also give a specific introduction to N = 1 SU(N +M)×SU(N)
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supersymmetric gauge theory since its gravity dual description is well studied. Later we
shall use this theory to illustrate the dual of internal superconformal anomaly. Sect. III is
about the holographic version on AdS/CFT correspondence and its low-energy approxima-
tion. We start from Witten’s definition [4] on the AdS/CFT correspondence between type
II superstring in AdSd+1 × X9−d background and a d-dimensional SU(N) superconformal
gauge theory living on the boundary of AdSd+1 space. Then using the well-known fact that
the low-energy effective theory of type II superstring is the type II supergravity, we get the
approximation correspondence between d-dimensional SU(N) superconformal gauge theory
at large-N limit and on-shell type II supergravity whose classical solution asymptotically
approaches AdSd+1×X9−d. Further, considering the spontaneous compactification on X9−d
of type II supergravity and assuming that there exists a consistent truncation of the massive
Kaluza-Klein modes [16], we finally establish a correspondence between the gauged AdSd+1
supregravity and a d-dimensional superconformal gauge theory in a conformal supergravity
background furnished by the AdSd+1 boundary data of the bulk supergravity multiplet. To
straightforwardly verify this conclusion acquired from string theory level, we start directly
from five-dimensional gauged supergravity and check its solution to classical equations of
motion which asymptotically approaches the AdS5 geometry. It is shown that at the leading
order of the expansion in the radial coordinate the on-shell fields of gauged N = 2, 4 AdS5
supergravity indeed constitute the off-shell multiplet for N = 1, 2 conformal supergravity
in four dimensions. This reveals the essence that we can get the external superconformal
anomaly in four dimensions from gauged AdS5 supergravity. Based on this conclusion, in
Sect. IV we derive the external supercoformal anomaly from gauged supergravity in five
dimensions. The holographic chiral R-symmetry anomaly comes from the Chern-Simons
five-form term in gauged AdS5 supergravity; The holographic Weyl symmetry anomaly lies
in the IR divergence of on-shell action of gauged AdS5 supergravity near the AdS5 boundary
due to the infinite volume of AdS5 space. This requires a so-called holographic renormaliza-
tion procedure to implement and thus leads to the holographic Weyl anomaly; Finally the
arising of super-Weyl anomaly is revealed through the supersymmetry variation of gauged
AdS5 supergravity. As a supersymmetric field theory, its variation under supersymmetric
transformation should be a total derivative. When we take this total derivative to the AdS5
boundary and consider the on-shell fields, it is found that these total derivatives cannot
preserve the four-dimensional supersymmetry and supr-Weyl symmetry simultaneously. In
this way the super-Weyl anomaly is uncovered. From Sect.V we turn to the search for
the dual description to internal superconformal anomaly. First, a general review is given
on how a D-brane configuration can on one hand yield a supersymmetric gauge theory in
a weakly coupled type II superstring theory and on the other hand behave as a classical
solution to type II supergravity in a strongly coupled type II superstring. We emphatically
point out the D-brane configuration comprised of N D3-branes andM fractional D3-branes
in the traget space-time M4 × C6, here C6 is the six-dimensional conifold with the base
T 1,1 = [SU(2)× SU(2)] /U(1). This D-brane configuration in the field theory side gives the
N = 1 SU(N +M) × SU(N) supersymmetric gauge theory with four matter fields in the
bi-fundamental representation (N +M,N) and (N +M,N), respectively, of gauge groups,
and in the gravity side produces the celebrated Klebanov–Strassler solution to type IIB
supergravity. In Sect.VI, we consider the Dirac-Born-Infeld action and the Wess-Zumino
term of describing the low-energy dynamics of D-branes and show that the internal super-
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conformal anomaly originates from the physical effects of fractional D-branes in the brane
configuration. Then we use the feature of D-brane in strongly coupled type II superstring
theory to argue that these fractional branes deform the three-brane solution to type IIB
supergravity whose near horizon limit is AdS5 × T 1,1 and convert this solution into the K-S
solution. Further, by comparing the symmetries reflected in AdS5 × T 1,1 and K-S solution
background geometries, we find how space-time supersymmetries symmetry decrease due
to fractional branes. Sect.VII shows how the dual of internal superconformal anomaly can
be considered as a spontaneous breaking of local suersymmetry and the consequent super-
Higgs mechanism in gauged asymptotical AdS5 supergravity. We choose the K-S solution
as a classical vacuum configuration and observe the dynamical behavior of type IIB super-
gravity. We realize that the spontaneous compactification of type IIB supergravity on the
deformed T 1,1 should occur and the resultant theory should be certain gauged supergravity
in five dimensions. In contrast to the case of type IIB supergravity in the AdS5 × T 1,1
space-time background, which gives rise to N = 2 gauged AdS5 supergravity coupled with
SU(2)× SU(2) supersymmetric Yang-Mills theory and some Betti multiplets, we find that
this gauged five-dimensional supergravity should be the gauged AdS5 supergravity but with
spontaneous breaking of local N = 2 supersymmetry to N = 1. We further exhibit the
consequent super-Higgs mechanism through which the N = 2 graviton multiplet acquires
mass. Finally Sect.VIII is a summary and emphasis on the significance of distinguishing
the gravitational correspondences of these two types of superconformal anomalies.
II. TWO TYPES SUPERCONFORMAL ANOMALIES OF SUPERSYMMETRIC
GAUGE THEORY
A. Supercurrent and Superconformal Anomaly
In a supersymmetric field theory, the Poincare´ supersymmetry algebra makes the energy-
momentum tensor θµν , supersymmetry current sµ and chiral R-current jµ constitute a su-
permultiplet 1. Further, if the theory contains no parameter with mass dimension, these
currents at classical level are not only conserved,
∂µθ
µν = ∂µs
µ = ∂µj
µ = 0, (1)
but also satisfy further algebraic relations,
θµµ = γµs
µ = 0. (2)
We can use these relations to construct three more conserved currents,
dµ≡xνθνµ, kµν≡2xνxρθρµ − x2θµν , lµ≡ixνγνsµ;
∂µd
µ = ∂µk
µν = ∂µl
µ = 0. (3)
1Here and in the following, the possible spinorial and chiral R-symmetry group indices in sµ and
jµ are suppressed in the supersymmetry currents in the supercurrent.
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These three new conserved currents gives rise to the generators for dilatation, conformal
boosts and special supersymmetry, respectively. Consequently, the Poincare´ supersymmetry
is promoted to the superconformal symmetry.
However, the superconformal symmetry at quantum level may become anomalous. In
the case that all of them, the trace θµµ of energy-momentum tensor, the γ-trace γ
µjµ of
supersymmetry current and the divergence ∂µj
µ of chiral R-current receive contribution
from quantum effects, (
∂µj
µ, γµsµ, θ
µ
µ
)
(4)
shall form a (on-shell) chiral supermultiplet with the ∂µj
µ playing the role of the lowest
componentt [12]2.
There are usually two possible sources for above chiral supermultiplet anomaly. One
is that the supersymmetric gauge theory couples with an external conformal supergrav-
ity background composed of the gravitational supermultiplet (gµν ,ψµ,Aµ). Note that for
a supersymmetric gauge theory in four-dimensional Minkowski space-time, the space-time
symmetries which include the Poincare´ symmetry, supersymmetry and chiral R-symmetry
are all global ones and there are no gauge fields within the theory itself to couple with
the supercurrent multiplet (θµν , sµ, jµ). Once we consider the theory in a curved space-
time background, the superconformal anomaly (4) will arise if the field configuration of the
external conformal supergravity multiplet (gµν ,ψµ,Aµ) has non-trivial topology.
The other type of superconformal anomaly supermultiplet originates from the dynamics
of a less supersymmetric (N < 4) gauge theory itself and has nothing to do with exter-
nal conformal supergravity background. Eq. (4) in this case is actually a scale anomaly
supermultiplet. In an N < 4 supersymmetric gauge theory, an energy scale is generated
dynamically due to the renormalization effect. Consequently, the scale anomaly and the
corresponding multiplet required by supersymmetry must arise. To distinguish this scale
anomaly supermutiplet with the one orginating from external supergravity fields, we call this
anomaly chiral supermultiplet as the internal superconformal anomaly, while the former one
as external superconformal anomaly. It should be emphasized that the internal anomaly has
distinct features with the external one. The coefficient of internal superconformal anomaly
depends on the beta function of the theory. For a superconformal quantum gauge theory
such as N = 4 supersymmetric Yang-Mills theory, its beta function vanishes and there is no
internal superconfromal anomaly, but the external one persists.
In the following we list the external and internal superconformal anomalies in several
typical supersymmetric gauge theories.
2In case that θµµ 6=0, γµjµ 6=0, whereas the chiral R-currents keeps conserved, ∂µj(5)µ = 0, there
will arise a linear anomaly multiplet (θµµ, γ
µsµ, tµν). In this multiplet, the antisymmetric field tµν
satisfies ∂νtνµ = 0. It appears in both multiplets of currents and anolies. But tµν does not yield a
conservative charge for supersymmetry algera. One can get other types of anomaly multiplets by
considering other possibilities.
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B. Superconformal Anomaly and Current Supermutiplet in N = 1 Supersymmetric
Yang-Mills Theory
A four-dimensional supersymmetric SU(N) Yang-Mills theory consists of a vector field
Vµ, a Majorana spinor λ and an auxiliary D. All of them are in the adjoint representation
of SU(N). The classical Lagrangian density reads
L = −1
4
GaµνG
µνa +
1
2
iλ
a
γµ(∇µλ)a + 1
2
(Da)2. (5)
The current multiplet (jµ, sµ, θµν) can be easily derived from the the chiral UR(1) symmetry,
supersymmetry and Poincare´ symmetry with the No¨ther theorem. The internal anomaly
chiral multiplet was obtained long time ago with an explicit perturbative calculation [53,7,9],
∂µj
µ = 2
β(g)
g
[
1
12
GaµνG˜
aµν +
1
6
∂µ
(
λ
a
γµγ5λ
a
)]
,
γµsµ = 2
β(g)
g
(
−1
2
σµνGaµν + γ5D
a
)
λa,
θµµ = 2
β(g)
g
[
−1
4
GaµνG
µνa +
1
2
iλ
a
γµ(∇µλ)a + 1
2
(Da)2
]
,
P = −β(g)λaλa, Q = −β(g)λaγ5λa. (6)
It is obvious that the internal superconformal anomaly coefficient is proportional to the beta
function of N = 1 supersymmetric Yang-Mills theory. The origins of scale anomaly θµµ and
chiral anomaly are the same as in a usual field theory: The UV divergence requires the
process of performing renormalization to make the theory well defined and hence need to
introduces a dynamical generated energy scale, the scale anomaly thus arises; The acquire-
ment of chiral UR(1) anomaly ∂µj
µ is identical to the derivation on axial UA(1) anomaly
in QCD. This UR(1) symmetry is not compatible with the global vector UV (1) rotational
symmetry among gauginoes at quantum level. When the vector UV (1) symmetry is pre-
served, the UR(1) symmetry becomes anomalous. The production of γ trace anomaly γ
µsµ
lies in the incompatibility of the conservation of supersymmetry current and non-vanishing
γ-trace of supercurrent sµ at quantum level. Since the supersymmetry current should keep
conserved, the γ-trace anomaly thus emerges.
In the following we turn to the external superconformal anomaly multiplet. As stated
above, the currents must couple with an external supergravity multiplet in the following
form,
Lext =
∫
d4x
√−g
(
θµνgµν +Bµj
µ + ψµs
µ
)
. (7)
The above Lagrangian density for a supersymmetric Yang-Mills theory in an supergravity
background means that the covariant conservations of energy-momentum tensor, supersym-
metry current and chiral R-symmetry current, ∇µθµν = ∇µsµ = 0, are equivalent to the
diffeormorphism tansformation invariance, local supersymmetry and gauge symmetry of the
external supergravity, respectively,
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δgµν(x) = ∇µξν(x) +∇νξµ(x),
δψµ(x) = ∇µχ(x),
δBµ(x) = ∇µΛ(x). (8)
Further, the vanishing of both γ-trace of supercurrent and trace of energy-momentum tensor,
γµsµ = θ
µ
µ = 0, implies the Weyl- and super-Weyl symmetries in the external supergravity,
δgµν = gµνσ(x),
δψµ = γµη(x), (9)
These symmetries show that the external supergravity must be N = 1 conformal supergrav-
ity in four dimensions [20]. Later we will see explicitly that in the context of AdS/CFT
correspondence or generally gauge/gravity dual, this N = 1 external conformal supergravity
in four dimensions comes from the AdS5 boundary value of N = 2 gauged AdS5 supergrav-
ity multiplet and the N = 1 local superconformal symmetry in this conformal supergravity
originates from the AdS5 boundary reduction of the N = 2 bulk supergravity. The external
superconformal anomaly in N = 1 supersymmetric Yang-Mills theory will be reflected in
the explicit violations of the bulk symmetries of N = 2 gauged AdS5 supergravity on the
boundary of AdS5 space.
With no consideration the quantum correction from the dynamics of supersymmetric
gauge theory, the external anomaly is exhausted at one-loop level. The external supercon-
formal anomaly multiplet for N = 1 pure supersymmetric Yang-Mills theory is the following
[9],
∇µjµ = N
2 − 1
16π2
(
KµνK˜
µν − 1
24
R˜µνλρR
µνλρ
)
γµsµ =
N2 − 1
16π2
(
1
16
Rµνλρσλρ +
1
16
Kµν
)(
∇µψν −∇νψµ
)
,
θµµ =
N2 − 1
16π2
(
1
8
CµνλρC
µνλρ − 3
16
R˜µνλρR˜
µνλρ +
1
3
KµνKµν
)
, (10)
In above equation, Kµν = ∂µBν − ∂νBµ is the field strength of external UR(1) vector field
Bµ; Rµνλρ and Cµνλρ are Riemannian and Weyl tensors corresponding to gravitational back-
ground gµν ; ∇µ is the covariant derivative with respect to both gravitational and UR(1)
fields. The common factor N2 − 1 in the anomaly coefficients is due to the fact that the
gaugino is in the adjoint representation of SU(N) gauge group.
In contrast to the internal superconformal anomaly, the external one listed in (10) comes
only from one-loop contribution of the theory and the anomaly coefficient is proportional to
the number of gauge particles in supersymmetric Yang-Mills theory [55]. When we consider
quantum dynamics of N = 1 supersymmetric Yang-Mills theory, the anomaly coefficient
receives quantum correction [56]. In particular, the internal superconformal anomaly arises
as a correction to the external one.
Let us analyze the manifestation of internal superconformal anomaly (6) in the quantum
effective action of N = 1 supersymmetric Yang-Mills theory. First, we re-scale the fields
(Aµ, λ,D) → (Aµ/g, λ/g,D/g) and consider the strong CP violation term. Consequently,
the classical action of N = 1 supersymmetric SU(N) Yang-Mills theory can be re-written
as the following,
9
Scl =
1
g2
∫
d4x
[
−1
4
GaµνG
µνa +
1
2
iλ
a
γµ(∇µλ)a + 1
2
(Da)2
]
+
θ(CP)
32π2
∫
d4xGaµνG˜
µνa. (11)
The local part of the gauge invariant quantum effective action takes the form,
Γeff =
1
g2eff
∫
d4x
[
−1
4
GaµνG
µνa +
1
2
iλ
a
γµ(∇µλ)a + 1
2
(Da)2
]
+
θ
(CP)
eff
32π2
∫
d4xGaµνG˜
µνa, (12)
where all the fields are renormalized quantities. The scale- and chiral anomalies are reflected
in the running of gauge coupling and the shift of θ-angle due to the non-vanishing β(g) [57],
1
g2eff(q
2)
=
1
g2(q20)
+
3N
8π2
ln
q0
q
≡ 3N
8π2
ln
q
Λ
,
θ
(CP)
eff = θ
(CP) + 3N. (13)
To recognize the γ-trace anomaly of supersymmetry current in above gauge invariant
quantum effective action, we must resort to the superfield form of quantum effective action
(12) expressed in the superspace,
L = 1
32π
∫
d2θ Im [τTr (W αWα)] + h.c.. (14)
In above equation, the parameter τ is a complex combination of gauge coupling and CP-
violated θ-angle,
τ =
θ(CP)
2π
+ i
4π
g2
. (15)
Wα is the field strength corresponding to vector superfield V ,
Wα =
1
g
D
2
[
e−gV
(
Dαe
gV
)]
. (16)
In the Wess-Zumino gauge,
V = −θσµθAµ + iθ2θλ− iθ2θλ− 1
2
θ2θ
2
D,
Wα = D
2
(
DαV − g
2
[V,DαV ]
)
= λα − i
2
(σµν)αβ θ
βFµν + iθαD − iθ2 (σµ)αα˙∇λ
α˙
, (17)
We assume that τ is the lowest component of certain constant chiral superfield,
Σ ≡ τ + θχ+ θ2d (18)
Further, we define that classically χcl = dcl = 0 and only at quantum level χ and d get
non-vanishing expectation values,
Σeff ≡ τeff + θχeff + θ2deff , (19)
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where θ
(CP)
eff and g
2
eff are listed in (13). In the Wess-Zumino gauge, the generalized quantum
effective action in superspace takes the form,
Γeff =
1
32π
∫
d2θ Im [ΣeffTr (W
αWα)] + h.c.
=
1
32π
∫
d2θ Im

θ(CP)eff
2π
+
4iπ
g2eff
+ θχeff + θ
2deff
 [λλ+ iθ (2λD + σµνλGµν)
+θ2
(
−1
2
GµνG
µν +
i
2
GµνG˜
µν − 2iλσµ∇µλ−D2
)]}
+ h.c.. (20)
A comparison between Eq. (20) and the superconformal anomaly equation (6) reveals the
presence of fermionic anomaly in the quantum effective action. The γ-trace anomaly of
supersymmetry current due to the non-vanishing β-function is reflected in the shift of the
superpartner parameter χ, exactly like trace- and chiral anomalies are represented by the
shifts of the gauge couplings and the θ-angle. This is the advantage of promoting τ parameter
to a chiral superfield. Of course, this should be a natural conclusion since the superconformal
anomaly constitutes a supermultiplet. However, later we will see that from the viewpoint
of brane dynamics, the running of gauge coupling and the shift of θ angle originate from
fractional branes and further get down to the Goldstone fields. Therefore, introducing an
artificial superpartner for the gauge coupling and θ-angle is very helpful for us to identify
the Goldstone supermultiplet on supergravity side and find the super-Higgs mechanism due
to the internal superconformal anomaly.
C. Supercurrent in N = 2 Supersymmetric SU(N) Yang-Mills Theory
The field content of N = 2 pure supersymmetric Yang-Mills theory consists of a vector
field Vµ, a complex scalar φ≡(A + iB)/2 and a SUI(2) symplectic Majorana spinor λi =
ǫijiγ5Cλ
T
j ,
λi =
( −iǫijλαj
λ
α˙i
)
, λi =
(
λαi , iǫijλ
j
α˙
)
i, j = 1, 2 being the SUI(2) indices and C being the charge conjugation matrix. All of these
fields are in the adjoint representation of gauge group SU(N). The Lagrangian density of
this theory reads
L = −1
4
F aµνF
aµν +
1
2
iλ
a
i γ
µDµλ
ai +
1
2
(DµA)
a (DµA)a +
1
2
(DµB)
a (DµB)a
+
i
2
gfabcλ
a
i (A
b + iγ5B
b)λci +
1
2
([A,B]a)2 . (21)
Note that now the R-symmetry is UR(2) = SUI(2) × UR(1). The SUI(2) transformation
rotates only the λ doublet,
δλi = iθA
(
tA
)i
j
λj, δλi = −iλj
(
tA
)j
i
θA, (22)
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while the chiral UR(1) acts both of the spinor and the complex scalar fields,
δφ(x) = −2iαφ(x), δφ⋆ = 2iαφ⋆,
δλi(x) = iαγ5λ
i(x), δλi = iαλiγ5. (23)
Let us write down the current supermultiplet for N = 2 supersymmetric Yang-Mills
theory, which was actually derived long-time ago in the form of Weyl spinor [58,59]. First,
the improved energy-momentum tensor reads [58,59],
θµν = −F aµλF aλν +
1
4
ηµνF
a
λρF
aλρ
+
1
2
i
[
λ
a
i (γµDν + γνDµ)λ
ia − (Dµλai γν +Dνλai γµ)λai
]
− 1
4
iηµν
(
λ
a
i γ
λ∇aiλ −∇λλai γλλai
)
+
2
3
(DµA
aDνA
a +DµB
aDνB
a)− 1
6
ηµν
(
DλA
aDλAa +DλB
aDλBa
)
− 1
3
(AaDµDνA
a +BaDµDνB
a) +
1
12
ηµν
(
AaDλD
λAa +BaDλD
λBa
)
. (24)
The improved supersymmetry current siµα can be obtained from N = 2 supersymmetry
transformation but with the modification of adding some total derivative terms,
siµ = −σνργµλiaF aνρ + 2i(Aa − iγ5Ba)Dµλia
+
i
2
(Aa − iγ5Ba)γµγνDνλai − 2
3
σµν∂ν
[
(Aa + iγ5B
a)λia
]
, (25)
which is a SU(2)I doublet. Both the energy-momentum tensor and supersymmetry current
satisfy the superconformal condition listed in Eq. (2).
The SUI(2) current j
A
µ and chiral UR(1) current jµ, can be read out from rotations (22)
and (23), respectively,
jAµ =
1
2
λ
a
i γµ
(
tA
)i
j
λaj, A = 1, 2, 3
jµ =
1
2
λ
a
i γµγ5λ
ia + 2i [φ⋆a (Dµφ)
a − (Dµφ⋆)a φa]
=
1
2
λ
a
i γµγ5λ
ia + AaDµB
a − BaDµAa. (26)
So we have following 24 + 24-component current supermultiplet,
(θµν , s
i
µα, j
A
µ , jµ, tµν , ς
i, D), (27)
where
ς i =
i
2
(Aa + iγ5B
a)λia,
tµν =
1
2
λ
a
i σµνλ
ai + iφaF a−µν , F
−
µν =
1
2
(
Fµν − F˜µν
)
,
D = φa⋆φa =
1
4
(
Aa2 +Ba2
)
. (28)
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Similar to N = 1 case, one can discuss the superconformal anomaly of above current
supermultiplet. It is well known that the N = 2 supersymmetric Yang-Mills theory has
non-vanishing beta function at only one-loop [62], so the internal superconformal anomaly
arises only at the first order of the perturbative expansion. The trace θµµ of the energy-
momentum tensor θµν , the γ-trace of supersymmetry current s
i
µ and the divergence of U(1)R
current jµ form an anomaly supermutiplet dominated by N = 2 Poincare´ supersymmetry.
The structure of this anomaly is similar to the N = 1 supersymmetric Yang-Mills case [61].
It should be mentioned that SU(2)R is non-anomalous since it is a vector-like current and
is responsible for the global SU(2)R rotation symmetry of N = 2 Poincare´ supersymmetry
after the superconformal symmetry breaks down.
The external superconformal anomaly multiplet arises if the external N = 2 conformal
supergravity fields (gµν , ψ
i
µ, V
A
µ , Bµ, Bµν , X , χ
i ) couple with the off-shell supercurrent (27).
Like the N = 1 case, the classical superconformal symmetry of N = 2 supersymmetric
Yang-Mills theory correspond to the N = 2 superconformal transformation invariance of
the external conformal supergravity. The structure of this N = 2 external superconformal
anomaly is similar to Eq. (10) of the N = 1 case.
D. Current Supermultiplet in N = 4 Supersymmetric Yang-Mills Theory
N = 4 SU(N) supersymmetric Yang-Mills theory in four dimensions is a non-trivial
superconformal quantum gauge theory since its β-function vanishes identically [63]. Its R-
symmetry is the SUR(4) rather than U(4). The field content consists of SU(N) gauge fields
Aµ, a Majorana spinor λi in the fundamental representation of SUR(4), and complex scalar
fields φij≡1/2(Aij + iBij) in the six-dimensional representation of SUR(4) and subject to
an SUR(4) covariant reality constraint (φij)
∗ = 1/2ǫijklφkl≡φij. To manifest the SUR(4)
symmetry in the classical action, it is necessary not to insisting on the symplectic-Majorana
feature of λi. Instead we choose the chiral component λαi and define λ
i
α˙ ≡ (λαi)† so that
λαi and λ
i
α˙ constitute a four-component Dirac spinor λi. Correspondingly, The classical
Lagrangian density of N = 4 supersymmetric Yang-Mills theory is [63]
L = −1
4
F aµνF
aµν + iλ
ai
γµDµλ
a
i +
1
2
Dµφ
ijaDµφaij
+
1
2
fabc
[
λ
ia
(1 + γ5)λ
b
jφ
c
ij − λai (1− γ5)λbjφcij
]
+
1
4
[φij , φkl][φ
ij, φkl] (29)
The members of current multiplet contains not only energy-momentum tensor θµν , super-
symmetry current siµ and chiral SUR(4) current j
i
µ j [60],
θµν =
1
4
ηµνF
a
λρF
aλρ − F aµλF aλν
+
1
2
i
[
λ
ia
(γµDν + γνDµ)λ
a
i −
(
Dµλ
ia
γν +Dνλ
ia
γµ
)
λai
]
− 1
4
ηµν
(
λ
ia
γρDµ −Dλλiaγρ
)
λai
−ηµνDρφaijDρφaij + 2DµφaijDνφaij −
1
3
(
∂2ηµν − ∂µ∂ν
) (
φijφij
)
,
sµi = −1
2
σνρF aνργµ (1 + γ5)λ
a
i
13
+i (1− γ5)
(
φaijDµλ
aj −Dµφaijλaj
)
+
2
3
i (1− γ5)σµν∂ν
(
φaijλ
aj
)
,
j iµ j = j
A
µ
(
tA
)i
j
= φaikDµφ
a
kj −
(
Dµφ
aik
)
φkj
+
1
2
λ
ai
γµ(1− γ5)λaj −
1
8
δijλ
ak
γµ(1− γ5)λak, (30)
but also the following compensating quantities,
C = F a−µν F µνa−, F a±µν =
1
2
(
F aµν ±
1
2
ǫµνλρF
aλρ
)
,
χi =
1
2
σµν(1− γ5)λCai F aµν ,
tij =
1
2
λ
a
i (1− γ5) λaj ,
t ijµν =
1
2
λ
ai
(1− γ5) σµνλaj + 2iφaijF a−µν ,
τ ijk =
1
4
(1− γ5)ǫijmn (φamnλak + φaknλam) ,
Dij kl = φaijφakl −
1
12
(
δikδ
j
l − δilδjk
)
φamnφ
amn, (31)
where A = 1, · · · , 15 denote SUR(4) group generators and i, j, k,m, n = 1, · · · , 4 are its
fundamental representation indices.
N = 4 supersymmetric Yang-Mills theory has no internal superconformal anomaly since
it has the vanishing beta function. However, the external superconformal anomaly can arise
if above currents couple with external N = 4 conformal supergavity fields (gµν , ψµ, A
j
µi, ϕ,
ψi, E
ij, B ijµν , ψ
k
ij , D
kl
ij ). The structure of the external superconformal anomaly is similar
to N = 1 case.
E. Supercurrent and Internal Superconformal Anomaly in N = 1 Supersymmetric
SU(N +M)× SU(N) Gauge Theory with Two Flavors in Bifundamental
Representations
The dual description for N = 1 supersymmetric SU(N + M) × SU(N) gauge theory
with two flavors in the representations (N +M,N) and (N +M,N) on string theory side
is the type IIB superstring in the geometric background furnished by Klebanov-Strassler
solution [49]. The classical action of this supersymmetric gauge theory in superspace takes
the following form [37],
S =
∫
d4x
{
1
32π
∫
d2θ
2∑
i=1
Im
[
τ(i)Tr
(
W (i)αW (i)α
)]
+ h.c.
+
∫
d2θd2θ
2∑
j=1
(
A
j
e[g1V
(1)(N+M)+g2V2(N)]Aj +Bje
[g1V (1)(N+M )+g2V2(N)]Bj
) , (32)
where the two flavors Aj and B
j are chiral superfields in the bifundamental representations
(N+M,N) and (N +M,N), respectively. This model also admits a quartic superpotential,
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W = λǫikǫjlTr (AiBjAkBl), which normalizes the R-charge of chiral superfields Ai, B
j to be
1/2. This model is a vector supersymmetric gauge theory and Ai and B
j can be considered
as quark- and anti-quark chiral superfields, respectively. The two-component form of above
action in the Wess-Zumino gauge is
L =
2∑
i=1
1
g2(i)
[
−1
4
G(i)aiµνG(i)aiµν + iλ
(i)aiσµ
(
∇µλ(i)
)ai
+
1
2
D(i)aiD(i)ai
]
+
θ
(CP)
(i)
32π2
G(i)aiµνG˜(i)aiµν
+ (DµφA)
†j DµφAj + D˜
µφjB
(
D˜µφB
)†
j
+ iψ
j
Aσ
µDµψAj + iψ
j
Bσ
µD˜µψBj
+
√
2i
2∑
i=1
(−1)i+1g(i)
[
φ†jAT
aiλai(i)ψAj − λ
ai
(i)ψ
j
AT
aiφAj − ψjBλai(i)T aiφ†Bj + φjBT aiψBjλ
ai
(i)
]
+
2∑
i=1
g(i)(−1)i+1Dai(i)
[
φ†jAT
aiφAj − φjBT aiφ†Bj
]
+ F †jA FAj + F
j
BF
†
Bj +
[(
FAj
∂W
∂φAj
+ F jB
∂W
∂φjB
)
+
1
2
(
∂2W
∂φAi∂φAj
ψAiψAj +
∂2W
∂φiB∂φ
j
B
ψiBψ
j
B + 2
∂2W
∂φAi∂φ
j
B
ψAiψ
j
B
)
+ h.c.
]
, (33)
where ∇µ, Dµ and D˜µ are gauge covariant derivatives in adjoint-, fundamental and anti-
fundamental representations.
The theory has global flavor symmetry SUL(2)×SUR(2)×UB(1)×UA(1) at classical level
and the UA(1) symmetry becomes anomalous at quantum level. In addition, the theory has
R-symmetry chiral UR(1). It is this chiral UR(1) symmetry anomaly that enters the internal
superconformal anomaly multiplet.
The supercurrent multiplet (in four-component form) is similar to those in pure super-
symmetric Yang-Mills theory and the difference is the involvement of the matter fields,
θµν =
2∑
i=1
{
−G(i)aiµρ G(i)aiρν +
1
2
i
[
λ
ai(γµ∇ν + γν∇µ)λai − (∇µλaiγν +∇νλaiγµ)λai
]
+
1
4
gµνG
(i)ai
λρ G
(i)aiλρ − 1
4
igµν
[
λ
aiγρ (∇ρλai)−
(
∇ρλai
)
γρλai
]}
+
[
(DµφA)
†j DνφAj + (DνφA)
†j DµφAj
]
+
[(
D˜µφB
)†
j
D˜νφ
j
B +
(
D˜νφB
)†
j
D˜µφ
j
B
]
−1
3
(
∂µ∂ν − gµν∂2
) (
φ†jAφAj
)
− 1
3
(
∂µ∂ν − gµν∂2
) (
φ†Bjφ
j
B
)
+iψ
j
(γµDν + γνDµ)ψj − gµν
{
iψ
j
γλDλψj +
(
DλφA
)†j
DµφAj + D˜
λφjB
(
D˜λφB
)†
j
+
i√
2
2∑
i=1
(−1)i+1g(i)
[
φ†jAT
aiλ
ai(1− γ5)ψj − ψj(1 + γ5)λaiT aiφAj
−ψj(1− γ5)λaiT aiφ†Bj + φjBT aiλai(1 + γ5)ψj
]
− 1
2
2∑
i=1
g2(i)
(
φ†jAT
aiφAj − φjBT aiφ†Bj
)2
+superpotential terms}
sµ = −
2∑
i=1
σνργµλ
aiG(i)aiνρ +
1
2
(DνφA)
†j γν(1 + γ5)γµψj − 1
2
D˜νφjBγν(1− γ5)γµψj
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+
1
2
γν(1− γ5)γµ
(
Cψ
Tj
)
DνφAj − 1
2
γν(1− γ5)γµ
(
Cψ
Tj
) (
D˜νφB
)†
−1
3
iσµν∂
ν
[
φAj(1 + γ5)
(
Cψ
Tj
)
+ φj†A (1− γ5)ψj
]
+
1
3
iσµν∂
ν
[
φ†Bj(1− γ5)
(
Cψ
Tj
)
+ φjB(1 + γ5)ψj
]
+2
√
2
2∑
i=1
(−1)i+1g(i)γ5γµλai
[
φj†AT
aiφAj − φBjT aφ†jB
]
+ superpotential terms;
jµ =
1
2
2∑
i=1
λ
aiγµγ5λ
ai − 1
3
ψ
j
γµγ5ψj − 2i
3
[
φ†jADµφAj − (DµφA)†j φAj
]
−2i
3
[
φjB
(
D˜µφBj
)† − (D˜µφB)j φ†Aj]+ superpotential terms. (34)
In above equation, λa and ψ are Majorana and Dirac spinors, respectively,
λa =
(
λaα
λ
aα˙
)
, ψj =
(
ψAjα
ψ
α˙
Bj
)
,
(
Cψ
T
)j
=
(
ψjBα
ψ
jα˙
A
)
. (35)
Classically the above conservative currents satisfy θµµ = γ
µsµ = 0 up to the classical superpo-
tential terms. At quantum level the superconformal anomaly arises due to the non-vanishing
β-functions of two gauge couplings. Let us first observe UR(1) symmetry anomaly. Eq. (35)
shows that the chiral current jµ is composed of gluinoes λai , (ψAj)
m
r and
(
ψjB
)r
m
. With re-
spect to the first gauge group SU(N+M), there are 2N flavor matters and λa1 in its adjoint
represenation. Hence they contribute 2N × (−1/2) = −N and C2[SU(N +M)] = N +M
to the anomaly coefficient. So for the first gauge field background, the chiral R-anomaly
coefficient is N +M −N =M . A similar analysis for the second gauge group SU(N) gives
the chiral anomaly coefficient −M . Therefore, the chiral UR(1) R-symmetry anomaly reads
∂µj
µ =
M
16π2
(
g21G
a1
µνG˜
a1µν − g22Ga2µνG˜a2µν
)
+ classical superpotential contribution. (36)
To show clearly the origin of the scale anomaly, we first consider the SU(N) × SU(N)
gauge theory with chiral superfields Aj in (N,N) and B
j in (N,N) representations. The
exact NSVZ β-functions for those two gauge couplings,
β(g21) = −
g31
16π2
[3N − 2N(1− γ(g))] ,
β(g22) =
g32
16π2
[3N − 2N(1− γ(g))] , (37)
shows the β-functions have zero-points with the anomalous dimension γ(g) = −1/2, at which
the theory is a superconformal field theory. For the SU(N +M) × SU(N) gauge theory
with chiral superfields Aj in (N +M,N) and B
j in (N,N +M) representations, the above
IR fixed points are removed since now the above β-functions become
β(g21) = −
3Mg31
16π2
, β(g22) =
3Mg32
16π2
. (38)
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Consequently, the scale anomaly arises,
θµµ =
3M
8π2
2∑
i=1
(−1)i+1g2i
[
−1
4
G(i)aiµνG(i)aiµν +
1
2
iλ
aiγµ (∇µλ)ai
]
+classical superpotential contribution. (39)
Further, the beta functions (38) also implies the γ-trace anomaly of supersymmetry current,
γµsµ =
3M
8π2
2∑
i=1
(−1)i+1g2i
(
−σµνGaiµν + γ5Dai
)
λai
+ classical superpotential contribution. (40)
Similar to the N = 1 pure supersymmetric Yang-Mills theory case, the above supercon-
formal anomaly manifest itself in the quantum effective action as gauge coupling in super-
space. The local part of the explicit gauge invariant quantum effective action composed only
of gauge fields takes following form in superspace,
Γeff =
1
32π
∫
d2θ
2∑
i=1
Im
[
Σ(i) effTr
(
W (i)αW (i)α
)]
+ h.c., (41)
where Σ(i) eff is given in Eq. (19). The effect of superconformal anomaly reflects as
1
g2(i) eff(q
2)
=
1
g2(i)(q
2
0)
+ (−1)i+13M
8π2
ln
q0
q
,
θ
(CP)
(i) eff = θ
(CP)
(i) + (−1)i+1M,
χ(i) eff = 0 + (−1)i+1M. (42)
This ends our discussions on the superconformal anomaly in N = 1 SU(N +M) × SU(N)
supersymmetric gauge theory.
III. HOLOGRAPHIC VERSION ON ADS/CFT CORRESPONDENCE,
ON-SHELL GAUGED ADS5 SUPERGRAVITY AND OFF-SHELL
FOUR-DIMENSIONAL CONFORMAL SUPERGRAVITY
A. AdS/CFT Correspondence and Gauged Supergravity
The original AdS/CFT correspondence conjecture [2] states that type IIB superstring
theory in AdS5 × S5 geometrical background with N units of R − R flux passing through
S5 describes the same physics as N = 4 SU(N) supersymmetric Yang-Mills theory in four
dimensions does. A concrete holographic definition on the AdS/CFT correspondence was
given in Refs. [3] and [4], which has two versions. The first one is based on canonical quan-
tization of a field theory, it states that quantum states of type IIB string in AdS5 × S5
space-time background should have one-to-one correspondence with gauge invariant opera-
tors of N = 4 supersymmetric Yang-Mills theory in four dimensions. Due to the difficulty
in quantizing string theory in curved space-time, one can can only establish correspondence
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between supergravity modes on string theory side and certain operators of N = 4 super-
symmetric Yang-Mills theory. The other version is expressed in terms of the path integral
quantization, which states that the partition function of type II superstring should equal to
the generating functional for the correlation functions of composite operators in a supercon-
formal field theory defined on the boundary of AdS5 space. Concrete speaking, given type
II superstring theory in target space-time background AdSd+1 × X9−d with X9−d being a
compact Einstein manifold, its partition function Zstring with bulk fields having non-trivial
AdSd+1 boundary value takes the following form,
Zstring [φ]|φ→φ0 =
∫
φ(x,0)=φ0(x)
Dφ(x, r) exp (−S[φ(x, r)]) , (43)
where φ0(x) is the boundary value of the field function φ(x, r) in AdSd+1 bulk such as the
graviton, gravitino, NS-NS and R-R antisymmetric tensor fields etc. On the other hand,
the generating functional for correlation functions of gauge invariant operators O(x) in
conformal field theory on the AdSd+1 boundary is
ZCFT [φ0] =
〈
exp
∫
Md
ddxO(x)φ0(x)
〉
=
∑
n
1
n!
∫ n∏
i=1
ddxi 〈O1(x1) · · ·On(xn)〉 φ0(x1) · · ·φ0(xn)
≡ exp
(
−Γ˜CFT[φ0]
)
, (44)
where Γ[φ0] denotes the quantum effective action describing composite operators interacting
with background field φ0(x). The AdS/CFT correspondence means
Zstring [φ]|φ→φ0 = ZCFT [φ0] . (45)
Since the string correction to type II supergravity is proportional to 1/
√
gsN , gs being the
string coupling, thus in the large-N limit, one can neglect string effect and just consider
its low-energy effective theory, i.e., the type IIB supergravity. In this case, the partition
function (43) of type IIB superstring can be evaluated with saddle-point approximation.
That is, it is approximately equal to the exponential of supergravity action evaluated at the
field configuration φcl[φ0] that satisfies the classical equation of motion of type II supergravity
with the boundary value φ0,
Zstring [φ]|φ→φ0 = exp
(
−SSUGRAII[φcl[φ0]]
)
. (46)
Comparing (46) with (44) and (45), we conclude that the background effective action of
d-dimensional conformal field theory living on AdSd+1 boundary at large-N limit is approx-
imately equal to on-shell classical action of AdSd+1 supergravity,
Γ˜CFT[φ0]
∣∣∣
N→∞
= SSUGRAII[φ
cl[φ0]] (47)
Let us specialize to the d = 4 case and analyze the role of five-dimensional gauged super-
gravities [19,84,66] played in the AdS/CFT correspondence [73]. The AdS5×S5 space-time
background arises from the near-horizon limit of D3-brane solution of type IIB supergrav-
ity [31], so in AdS5 × S5 background the spontaneous compactification on S5 of type IIB
18
supergravity must occur [15]. Based on the assumption that there exists a consistent nonlin-
ear truncation of massless modes from the whole Kaluza-Klein (K-K) spectrum of type IIB
supergravity compactified on S5 [16–18], the resultant theory should be SO(6)(∼= SU(4))
gauged N = 8 AdS5 supergravity since the isometry group SO(6) of internal space S5 be-
comes gauge group of the compactified theory and specifically, the AdS5 × S5 background
preserves all supersymmetries in type IIB supergravity [66]. In particular, the massive K-
K modes correspond to irrelevant gauge invariant operators on field theory side [4]. The
truncation of massive K-K modes in compactified type IIB supergravity means ignoring
irrelevant operators in the quantum effective action Γ˜CFT[φ0] for gauge invariant field oper-
ators. So the AdS/CFT correspondence finally reduces to the equivalence between on-shell
N = 8 SO(6) gauged AdS5 supergravity and the large-N limit of N = 4 supersymmetric
Yang-Mills theory in N = 4 conformal supergravity background furnished by the boundary
data of gauged AdS5 supergravity [4,83],
ΓCFT[φ0]|N→∞ = SAdS−SUGRA[φcl[φ0]] (48)
Further, there is a straightforward generalization. If the background for type IIB super-
gravity is AdS5 × X5 with X5 being an Einstein manifold less symmetric than S5 such
as T 1,1 = (SU(2) × SU(2))/U(1), then due to the singularity in the internal manifold, the
number of preserved supersymmetries in gauged AdS5 supergravity is reduced and the gauge
group of becomes smaller [74–77]. One can thus obtain the gauged N = 2, 4 AdS5 super-
gravities and their dual field theories should be N = 1, 2 supersymmetric gauge theories
[73,75–77]. Strictly speaking, the N = 1, 2 quantum supersymmetric gauge theories are not
conformal invariant since they have non-vanishing beta functions. However, it was shown
that renormalization group flow of these supersymmetric gauge theories have the fixed point,
at which the conformal invariance arises [76–82]. Therefore, the AdS/CFT correspondence
between N = 2, 4 gauged AdS5 supergravities and the four-dimensional N = 1, 2 super-
symmertric gauge theories at fixed-points of their renormalization group flow be established
[73,75–77].
Eq. (48) means that the on-shell action of gauged AdS5 supergravity equals to the quan-
tum effective action of superconformal gauge theory in an external conformal supergravity
background [4,83], only now the background field comes from the boundary value of super-
gravity in one-dimension-higher space-time. As introduced in Sect. II, a classical supercon-
formal gauge theory in an external supergravity background suffers from superconformal
anomaly, which should be contained in the background effective action. Therefore, the ex-
ternal superconformal anomaly can be extracted out from the on-shell action of gauged AdS5
supergravity in terms of the AdS/CFT correspondence.
In following subsections we shall recall some typical features gauged N = 2, 4, 8 super-
gravity in five dimensions and see how N = 1, 2, 4 off-shell conformal supergravity in four
dimensions arise from gauged supergravities.
B. N = 2 U(1) Gauged AdS5 Supergravity and N = 1 Conformal Supergravity in Four
Dimensions
The ungauged N = 2 supergravity in five dimensions contains a graviton ê mα , two
gravitini ψ̂aα and an Abelian vector field Âα [65,19,89], a = 1, 2 being SU(2) doublet index.
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The theory has a global USp(2) ∼= SU(2) symmetry. The gravitini are USp(2) ∼= SU(2)
doublets and symplectic Majorana spinors. The classical Lagrangian density is [65,19,89]
ê−1Lungauged = −1
2
R̂[ω̂]− 1
2
ψ̂
a
αγ̂
αβγ∇̂βψ̂γa − 1
4
a00F̂
αβF̂αβ
+
1
6
√
6
ê−1C000ǫ
αβγσδF̂αβF̂γσÂδ
− 3i
8
√
6
h0
(
ψ̂
a
αγ̂
αβγδψ̂βaF̂γδ + 2ψ̂
αa
ψ̂βa F̂αβ
)
+ four-fermion terms, (49)
The supersymmetry transformation laws are [19]
δê mα =
1
2
ǫ̂
a
γ̂mψ̂αa,
δψ̂aα = ∇̂αǫa +
1
4
√
6
ih0
(
γ̂ βγα − 4δ βα γ̂γ
)
F̂βγ ǫ̂
a,
δÂα =
√
6
2
ih0ψ̂
a
αǫ̂a. (50)
The gauged N = 2 supergravity can be obtained from above ungauged supergravity
by converting U(1) subgroup of the global SU(2) group into a local symmetry group and
considering the vector field Âα as U(1) gauge field. The space-time covariant derivative on
gravitini should be enlarged to include U(1) gauge covariance,
D̂αψ̂
a
β = ∇̂αψ̂aβ + gV0Âαδabψ̂βb, (51)
where g is the U(1) gauge coupling. The gauged N = 2 supergravity action is [19]
ê−1L = ê−1Lun−gauged + g2P 20 −
i
√
6
8
gψ̂
a
αγ̂
αβψ̂bβδabP0. (52)
In Eqs. (49) and (52), a00, h0 and C000 are parameters that can be determined by N = 2
supersymmetry; P0 is the scalar potential when this N = 2 supergravity couples with matter
fields, while in the case at hand, it is a pure supergravity, P0 is just a parameter.
We require that the above U(1) gauged N = 2 supergravity (52) has domain wall solu-
tion which should asymptotically approach AdS5 vacuum configuration. The solution thus
presents the following standard form,
ds2 =
l2
r2
[
ĝµν(x, r)dx
µdxν + dr2
]
,
Âα = ψ̂
a
α = 0. (53)
This requirement fixes the parameters in the Lagrangian (52) as the following [19,23],
g =
3
4
, h0 =
l
2
√
3
2
, h0 =
1
h0
, V0 = 1, P0 = 2h
0V0 =
4
l
√
2
3
,
a00 = (h0)
2 =
3l2
8
, C000 =
5
2
h30 −
3
2
a00h0 =
3
√
6l3
32
. (54)
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It should be emphasized that the space-time background described by AdS5 solution (53)
preserves the full N = 2 supersymmetry. Consequently, the Lagrangian density (55) up to
the quadratic terms of fermionic field becomes
ê−1L = −1
2
R̂[ω̂]− 1
2
ψ̂
a
αγ̂
αβγD̂βψ̂γa − 3l
2
32
F̂ αβF̂αβ +
l3
64
ê−1ǫαβγσδF̂αβF̂γσÂδ
− 3
4l
iψ̂
a
αγ̂
αβψbβδab −
3l
32
i
(
ψ̂
a
αγ̂
αβγδψ̂βaF̂γδ + 2ψ̂
αa
ψ̂βa F̂αβ
)
− 6
l2
. (55)
The supersymmetry transformation at the leading order of fermionic field reads
δê mα =
1
2
ǫ̂
a
γ̂mψ̂αa,
δψ̂aα = D̂αǫ̂
a +
il
16
(
γ̂ βδα − 4δ βα γ̂δ
)
F̂βδǫ
a +
i
2l
gγ̂αδ
abǫ̂b,
δÂα =
i
l
ψ̂
a
αǫ̂a. (56)
In the following we choose the above AdS5 solution (53) as a vacuum configuration for
this N = 2 U(1) gauged supergravity. Then we expand the theory around this vacuum
configuration and derive classical equations of motion for ĝαβ, ψ̂
i
α and Âα. The dynamical
behavior of gauged supergravity near AdS5 vacuum configuration can be observed by solving
linearized equations of motion. Geometrically, this is actually a process of revealing the
asymptotic behavior of the bulk fields near the boundary of AdS5 space.
The linearized classical equations of motion for graviton ĝαβ, gravi-photon Âα and grav-
itini ψ̂iα are (linearized) Einstein-, Maxwell- and Rarita-Schwinger equations, respectively,
R̂αβ − 1
2
ĝαβR̂− 6
l2
ĝαβ = 0 (57)
ê−1∂α
[
ĝαδ∂δÂβ(x, r)
]
= 0, (58)
γ̂αβγD̂βψγa +
3i
2
δabγ̂
αβψ̂bβ = 0. (59)
The solutions to these equations near AdS5 boundary (given by r → 0) can be expressed as
a series expansion in terms of r/l. Here we consider only the leading order in the expansion
given in Ref. [23]. First, the AdS5 vacuum configuration (53) and the partial gauge-fixing
choice on diffeomorphism symmetry in r-direction determine that the solution to Einstein
equation (57) at the leading order of r/l expansions should be the following [23],
ê sµ (x, r) =
l
r
e sµ (x) +O(r/l), ê r4 = ê 4µ = 0, ê 44 =
l
r
+O(r/l). (60)
The background solution and torsion-free condition dêr+ ω̂rs∧ ês = 0 yield spin connections,
ω̂r4(x, r) = −êr(x, r) = −
l
r
ea(x),
ω̂rs(x, r) = ω
r
s(x). (61)
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To solve the Maxwell equation (58), one should first fix U(1) gauge symmetry in r-direction.
The most convenient choice is
Â4(x, r) = 0. (62)
Subsequently, Eq. (58) leads to
Âµ(x, r) = Aµ(x) +O(r/l). (63)
For gravitino equation (59), the gauge choice of fixing local supersymmetry in radial direction
that is consistent with bulk supersymmetry transformation is
ψ̂a4(x, r) = 0. (64)
The spin connection (61) and the gauge field (63) as well as the gauge choices (62) and
(64) lead to the near-AdS5 boundary reduction of bulk covariant derivatives,
D̂4 = ∂4, D̂µ = D˜µ(x)− 1
2r
γµγ5,
D˜µ(x) ≡ ∇µ + 1
4
ω rsµ γ rs +
3
4
Aµ, (65)
where the convention for γ̂-matrix is chosen as the following,
γr = γ̂r, γ̂µ = ê
r
µ γ̂r =
l
r
γµ, γ̂
µ = êµrγ̂
r =
r
l
γµ, γ5 = γ̂
4 = γ̂4, γ
2
5 = 1. (66)
The linearized gravitino equation (58) reduces to
γ̂µν
(
δab∂r − 1
r
δab − 3
2r
γ5ǫab
)
ψ̂bν(x, r)− γ̂µνρD˜ν(x)γ5ψ̂ρa(x, r) = 0. (67)
The above equation can be diagonalized by combining those two components of symplectic
Majorana spinor, ψ̂µ ≡ ψ̂µ1+ iψ̂µ2, and performing chiral decomposition ψ̂Rµ ≡ (1−γ5)/2 ψ̂µ,
ψ̂Lµ ≡ (1 + γ5)/2 ψ̂µ. Near AdS5 boundary (r → 0), Eq. (67) gives the equation for ψ̂Rµ [23](
∂r +
1
2r
)
ψ̂Rµ (x, r) = 0, (68)
and hence the radial dependence of ψ̂Rµ is
ψ̂Rµ (x, r) =
(
2l
r
)1/2
ψRµ (x). (69)
The left-handed component is not independent, and its radial coordinate dependence turned
out to be [23]
ψ̂Lµ = (2lr)
1/2 χLµ(x),
χLµ =
1
3
γν
(
D˜µψ
R
ν − D˜νψRµ
)
− i
12
ǫ λρµν γ5γ
ν
(
D˜λψ
R
ρ − D˜ρψRλ
)
. (70)
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The near-AdS5 boundary solutions listed in Eqs. (60), (63), (69) and (70) show that
on-shell N = 2 U(1) gauged supergravity multiplet (ê mα , ψ̂aα, Âα) reduces to the boundary
field (e aµ , ψ
R
µ , Aµ). To reveal the physical features described by these boundary fields,
we check the boundary reduction of bulk supersymmetry transformation law realized on
(e aµ , ψ
R
µ , Aµ). First, the same as that done on bulk gravitino fields, we combine the bulk
supersymmetric transformation parameter, ǫ̂(x, r) = ǫ̂1(x, r) + iǫ̂2(x, r) and decompose it
into chiral components. Then we choose the radial coordinate dependence of ǫ̂L,R in the
same way as bulk gravitino,
ǫ̂R(x, r) =
(
2l
r
)1/2
ǫR(x), ǫ̂L(x, r) = (2lr)1/2 ηL(x). (71)
At the leading order of r/l expansion, the bulk supersymmetry transformation (56) becomes
the following [23],
δe rµ = −
1
2
ψµγ
rǫ,
δψµ = D˜µǫ− γµη = ∇µǫ− 3i
4
Aµγ5ǫ− γµη,
δAµ = i
(
ψµγ5η − χµγ5ǫ
)
, (72)
where all the spinorial quantities, ψµ(x), χµ(x) ǫ(x) and η(x) are Majorana spinors con-
structed from their two-component chiral spinors ψRµ (x), χ
L
µ(x), ǫ
R(x) and ηL(x). One can
immdietely recognize that Eq. (72) is the supersymmetric transformation law for the four-
dimensional N = 1 conformal supergravity with ǫ and η being Poincare´- and conformal
supersymmetry transformation parameters, respectively [20,21].
Further, it can be easily checked that other symmetries in N = 2 U(1) gauged supergrav-
ity near AdS5 vacuum configuration also convert into those in the four-dimensional N = 1
conformal supergravity. For examples, the bulk diffeormorphism invariance decomposes into
the four-dimensional diffeomorphism symmetry and the Weyl symmetry [25], and the bulk
supersymmetry converts into the Poincare´ supersymmetry and the conformal supersymme-
try in four dimensions [23]. Therefore, the AdS5 boundary reduction of on-shell N = 2 U(1)
gauged supergravity constitutes the 8+8 off-shell multiplet of N = 1 conformal supergravity
in four dimensions [23]. The matching of degrees of freedom between the on-shell multiplet
(ê mα , ψ̂
a
α, Âα) and off-shell multiplet (e
r
µ , ψ
R
µ , Aµ) are listed in Table I.
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TABLES
On-shell 5-D N = 2 U(1) Off-shell 4-D N = 1
Gauged Supergravity Conformal Supergravity
ê mα : 1/2 × (5− 2)(5 − 2 + 1)− 1 = 5 e rµ : 4× 4− 4− 6− 1 = 5
Âα: 5− 2 = 3 Aµ: 4− 1 = 3
ψ̂aα: 1/2 × (5− 3)× 4× 2 = 8 ψµ: 4× 4− 4− 4 = 8
8 + 8 8 + 8
TABLE I. Field correspondence and matching of degrees of freedom between on-shell
five-dimensional N = 2 U(1) gauged supergravity and off-shell N = 1 conformal conformal in
four dimensions.
On-shell 5-D N = 4 SU(2) × U(1) Off-shell 4-D N = 2
Gauged Supergravity Conformal Supergravity
ê mα : 1/2 × (5− 2)(5 − 2 + 1)− 1 = 5 e rµ : 4× 4− 4− 6− 1 = 5
Ŵ Iα: (5− 2)× 3 = 9 Aiµj : (4− 1)× 3 = 9
Âα: 5− 2 = 3 aµ: 4− 1 = 3
B̂pαβ: 1/2 × 3× 2× 2 = 6 Bµν : 1/2 × 4× 3 = 6
φ̂: 1 φ: 1
ψ̂aα: 1/2 × (5− 3)× 4× 4 = 16 ψiµ: (4× 4− 4− 4)× 2 = 16
χ̂a: 1/2× 4× 4 = 8 χi: 4× 2 = 8
24+24 24+24
TABLE II. Field correspondence and degree of freedom matching between five-dimensional
on-shell N = 4 SU(2) × U(1) gauged supergravity and off-shell N = 2 conformal supergravity in
four dimensions.
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On-shell 5-D N = 8 SO(6) Off-shell 4-D N = 4
Gauged Supergravity Conformal Supergravity
ê mα : 1/2 × (5− 2)(5 − 2 + 1)− 1 = 5 e rµ : 4× 4− 4− 6− 1 = 5
Ŵ IJα : (5− 2)× 15 = 45 V iµj : (4− 1)× (42 − 1) = 45
B̂Ipαβ: 1/2× 3× 2× 6× 2 = 36 B−[ij]µν : 1/2 × 4× 3× 6 = 36
V IJab, V abIp : φ: 2
Eij : 1/2 × 4× (4 + 1)× 2 = 20
42 Dijkl: 6× 6− 4× 4 = 20
ψ̂aα: 1/2 × (5− 3)× 4× 8 = 32 ψiµ: (4× 4− 4− 4)× 4 = 32
χ̂abc: 1/2 × (56− 8)× 4 = 96 χi: 4× 4 = 16
λijk: (6× 4− 4)× 4 = 80
128+128 128+128
TABLE III. Field correspondence and degree of freedom matching between on-shell
five-dimensional N = 8 SO(6) gauged supergravity and off-shell N = 4 conformal supergravity in
four dimensions.
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C. Off-shell N = 2 Conformal Supergravity in Four Dimensions from On-shell N = 4
SU(2)× U(1) Gauged AdS5 Supergravity
All N = 2k < 8 (k=1,2,4) supergravities in five dimensions can be obtained through
consistent truncations on N = 8 supergravity. This procedure is actually the dimensional
reduction in the representation spaces of global E6(6) group and local USp(8) group in
N = 8 supergravity [65]. In the following we introduce N = 4 SU(2) × U(1) gauged
supergravity in five dimensions [65,84–86] and show how its classical dynamics near AdS5
vacuum configuration leads to the off-shell conformal supergravity in four dimensions. The
ungauged N = 4 supergravity in five dimensions has both global USp(4) and local USp(4)
symmetries. The field content consists of a graviton ê mα , four gravitini ψ̂αa and four spin-1/2
fields χ̂a in the fundamental representation 4 of the global and local USp(4), five vector fields
Ŵ [ab]µ in representation 5 of USp(4), one vector field Âµ and one scalar field φ̂ in the trivial
representation of USp(4). All the fermionic fields are USp(4) symplectic Majorana spinors,
i.e., they satisfy λ̂
a
= λ̂⋆aγ̂0 = λ̂
iT Ĉ. The indices a, b = 1, · · · , 4 label the fundamental
representation of USp(4). The fundamental representation of USp(4) is actually a SO(5)
spinor representation since there exists the isomorphism USp(4) ∼= Spin(5). Thus, the
various representations of USp(4) can be obtained with the representation of five Euclidean
dimensional Clifford algebra generated by (Γi)
b
a ,
(Γi)
c
a (Γj)
b
c + (Γj)
c
a (Γi)
b
c = 2δijδ
b
a (73)
where i = 1, · · · , 5 are the vector indices of Spin(5). In particular, the adjoint representation
of USp(4) ∼= Spin(5) is given by (Γij) ba = i/2 [Γi,Γj] ba .
The Lagrangian density for the ungauged case is [84]
ê−1Lungauged = −1
2
R̂[ω̂]− 1
2
ψ̂
a
αγ̂
αβδ∇̂βψ̂δa − 1
4
ξ2Ŵ abαβŴ
αβ
ab −
1
4
ξ−4F̂αβF̂
αβ − 1
2
χ̂
a
γ̂α∇̂αχ̂a
−1
2
∂αφ̂∂αφ̂− 1
2
iχ̂
a
γ̂αγ̂βψ̂αa∂βφ̂+
√
3
6
ξχ̂aγ̂
αγ̂βδψ̂αbŴ
ab
βδ −
1
2
√
6
ξ−2χ̂
a
γ̂αγβδψ̂αaF̂βδ
− i
12
ξχ̂aγ̂
βδψ̂αbŴ
ab
βδ +
5i
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√
2
ξ−2χ̂
a
γ̂αβχ̂aF̂αβ − 1
4
iξ
(
ψ̂
a
αγ̂
αβδσψ̂bβ + 2ψ̂
δa
ψ̂σb
)
Ŵδσab
− i
8
√
2
ξ−2
(
ψ̂
a
γ̂αβδσψ̂βa + 2ψ̂
δa
ψ̂σa
)
F̂δσ +
√
2
8
ê−1ǫαβγδσŴ abαβŴγδabÂσ
+four-fermion terms, (74)
where
ξ = exp(1/
√
3φ̂),
F̂αβ = ∂αÂβ − ∂βÂα,
Ŵ abαβ = ∂αŴ
[ab]
β − ∂βŴ [ab]α + [Ŵα, Ŵβ ][ab]. (75)
The gauge group is the subgroup SU(2)×U(1) of global USp(4) group [85]. The reason
for choosing such a gauge group is based on the existence of AdS5 solution to the N = 4
gauged supergravity. The N = 4 anti-de Sitter supergroup in five dimensions is SU(2, 2|2)
and its maximal bosonic subgroup is SU(2, 2) × SU(2) × U(1), while SU(2, 2) ∼= SO(4, 2)
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is the space-time symmetry group of AdS5, thus one can gauge the SU(2) × U(1) group
to get an N = 4 gauged supergravity. To complete this gauge procedure one should first
branch field representations of USp(4) into the representations SU(2) × U(1).In this way
the transformation behaviors of fields with respect to gauge group SU(2) × U(1) can be
naturally obtained from the USp(4) representations in the ungauged case. First, the adjoint
representation of USp(4) decomposes into
10 = 3⊕ 1⊕ 3⊕ 3
Jij = JIJ ⊕ J45 ⊕ JI4 ⊕ JI5, (76)
where I, J,K = 1, 2, 3 denote SU(2) group indices. Note that above generators have repre-
sentations in terms of Clifford algebra generators , one has the representation
Jij =
i
2
[Γi,Γj],
JIJ =
i
2
[ΓI ,ΓJ ] ∼ ǫIJKΓK45,
J45 = iΓ4Γ5, J4I = iΓ4ΓI , J5I = iΓ5ΓI . (77)
The spinor and vector representations of the global USp(4) are branched with respect to
SU(2)× U(1) as the following,
4 = 21/2 ⊕ 2−1/2;
5 = 30 ⊕ 11 ⊕ 1−1. (78)
That is, the five vector fields Ŵ [ab]α convert into the SU(2) gauge fields Ŵ
I
αΓI45 and two
vector fields Ŵ pα (p = 1, 2) with SO(2)
∼= U(1)-charged. Further, Ŵ pα are replaced their
Hodge dual B̂pαβ and specifically the tensor field B̂
p
αβ should satisfy self-dual condition,
B̂p ∝ ǫpqB̂q, which keeps B̂p (equivalently Ŵ pα massless). The vector Ŵ Iα and Âα shall act as
SU(2)×U(1) gauge fields with the coupling constant g1 and g2. Therefore, the SU(2)×U(1)
covariant derivatives acting on a spinor ψ̂a, a vector X̂
Ip and scalar φ̂ should take the form,
D̂αψa = ∇̂αψ̂a + 1
2
g1Âα(Γ45)
b
a ψ̂b +
1
2
g2Ŵ
I
α(ΓI45)
b
a ψ̂b,
D̂αX
Ip = ∇̂αX̂Ip + g1ÂαǫpqX̂Iq + g2ǫIJKŴ Jα X̂Kp,
D̂αφ̂ = ∂αφ̂− ig1Âαφ̂. (79)
The Lagrangian of gauged N = 4 supergravity with the gauge group SU(2) × U(1) is
[85]
ê−1L = −1
4
R̂[ω̂]− 1
2
iψ̂
a
αγ̂
αβδD̂βψ̂δa +
1
2
iχ̂
a
γ̂αD̂αχ̂a +
1
2
D̂αφ̂D̂αφ̂− 1
4
ξ−4F̂ αβF̂αβ
−1
4
ξ2
(
Ŵ IαβŴ Iαβ + B̂
αβpB̂pαβ
)
+
1
4
ê−1ǫαβγδσ
(
1
g1
ǫpqB̂
p
αβD̂γB̂
q
δσ − Ŵ IαβŴ IγδÂσ
)
+
i
4
√
2
(
Habαβ +
1√
2
habαβ
)
ψ̂
δ
aγ̂[δγ̂
αβ γ̂σ]ψ̂
σ
b +
i
2
√
6
(
Habαβ −
√
2habαβ
)
ψ̂
δ
aγ̂
αβ γ̂δ]χb
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− i
12
√
2
(
Habαβ −
5√
2
habαβ
)
χ̂aγ̂
αβχ̂b +
i√
2
D̂βφ̂ψ̂
a
αγ̂
βγ̂αχ̂a +
3
2
iTabψ̂
a
αγ̂
αβψ̂bβ
−iAabψ̂aαγ̂αχ̂b + i
(
1
2
Tab − 1√
3
Aab
)
χ̂
a
χ̂b +
(
3TabT
ab − 1
4
AabAab
)
+P [φ̂] + four-fermion terms, (80)
where
Habαβ = ξ
[
Ŵ Iαβ(ΓI)
ab + B̂pαβ(Γp)
ab
)
,
habαβ = ξ
−2ΩabF̂αβ ,
T ab =
(
1
6
√
2
g2ξ
−1 +
1
12
g1ξ
2
)
(Γ45)
ab,
Aab =
(
1
6
√
2
g2ξ
−1 − 1
2
√
3
g1ξ
2
)
(Γ45)
ab, (81)
and the scalar potential P [φ̂] is
P [φ̂] = 3TabT
ab − 1
4
AabAab
=
1
8
g2
(
g2ξ
−2 + 2
√
2g1ξ
)
. (82)
The corresponding supersymmetry transformations to the leading order of fermionic terms
is listed as following [85],
δê mα = iψ̂
a
αγ̂
mǫ̂a,
δŴ Iα =
i√
2
ξ−1
(
−ψ̂aǫ̂b + 1√
3
χ̂
a
γ̂αǫ̂
b
)
(ΓI)ab,
δB̂pαβ = 2D̂[α
[
i√
2
ξ−1
(
−ψ̂aβ]ǫ̂b +
1√
3
χ̂γ̂β]ǫ̂
b
)
(Γp)ab
]
− 1√
2
ig1ǫ
pq (Γq)ab ξ
(
ψ̂
a
[αγβ]ǫ̂
b +
1
2
√
3
χ̂
a
γ̂αβ ǫ̂
b
)
,
δÂα =
i
2
ξ2
(
ψ̂
a
αǫ̂a +
2√
3
χ̂
a
γ̂αǫ̂a
)
,
δφ̂ =
i√
2
χ̂
a
ǫ̂a,
δψ̂aα = D̂αǫ̂
a + γ̂αT
abǫ̂b − 1
6
√
2
(
γ̂ βδα − 4δ βα γδ
) (
Habβδ +
1√
2
habβδ
)
ǫ̂b,
δχ̂a =
1√
2
D̂αφ̂ǫ̂a + Aabǫ̂
b − 1
2
√
6
γ̂αβ
(
Hαβab −
√
2hαβab
)
ǫ̂b. (83)
It was found in Ref. [85] that when g2 =
√
2g1 there exists a classical AdS5 solution to
this gauged supergravity which preserves the full N = 4 supersymmetry [85,68,67]. The
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explicit form of AdS5 solution is the same as that given in (53) and all other fields vanish.
The cosmological constant Λ comes from the scalar potential at its extremum φ = 0 3
Λ = 4P [φ̂0 = 0] =
3
2
g2 =
12
l2
. (84)
and subsequently
g =
2
√
2
l
. (85)
We expand above N = 4 gauged supergravity around the AdS5 vacuum configuration
and rescale on bulk gauge fields and gauge coupling,
Ŵ Iα −→ lŴ Iα, Âα −→ lÂα, g −→ l g. (86)
The linearized classical action near above AdS5 vacuum configuration is
ê−1L = −1
4
R̂[ω̂]− 1
2
iψ̂
a
αγ̂
αβδD̂βψ̂δa +
1
2
iχ̂
a
γ̂αD̂αχa +
1
2
∂αφ̂∂αφ̂
− l
2
4
F̂ αβF̂αβ − 1
4
(
l2Ŵ IαβŴ Iαβ + B̂
αβpB̂pαβ
)
+
1
4
ê−1ǫαβγδσ
(
l
2
ǫpqB̂
p
αβD̂γB̂
q
δσ − l3Ŵ IαβŴ IγδÂσ
)
+
il
4
√
2
[
Ŵ Iαβ (ΓI)
ab +
1
l
B̂pαβ (Γp)
ab +
1√
2
ΩabF̂αβ
]
ψ̂
δ
aγ̂[δγ̂
αβ γ̂σ]ψ̂
σ
b
+
il
2
√
6
[
Ŵ Iαβ (ΓI)
ab +
1
l
B̂pαβ (Γp)
ab −
√
2ΩabF̂αβ
]
ψ̂
δ
aγ̂
αβγ̂δ]χ̂b
− il
12
√
2
[
Ŵ Iαβ (ΓI)
ab +
1
l
B̂pαβ (Γp)
ab − 5√
2
ΩabF̂αβ
]
χ̂aγ
αβχ̂b
+
i√
2
∂αφ̂ψ̂
a
βγ̂
αγ̂βχ̂a +
3i
4l
(Γ45)ab ψ̂
a
αγ̂
αβψ̂bβ +
i
4l
(Γ45)ab χ̂
a
χ̂b
+
3
l2
+ four-fermion terms. (87)
The supersymmetry transformation law (83) at the leading order of fermionic terms becomes
δê mα = iψ̂
a
αγ̂
mǫ̂a,
δŴ Iα =
i√
2l
(
−ψ̂aαǫ̂b +
1√
3
χ̂
a
γ̂αǫ̂
b
)
(ΓI)ab,
δÂα =
i
2l
(
ψ̂
a
αǫ̂a +
2√
3
χ̂
a
γ̂αǫ̂a
)
,
3Note that this convention is different from that in Ref. [85].
29
δB̂pαβ =
i√
2
D̂α
(
−ψ̂aβ ǫ̂b +
1√
3
χ̂
a
γ̂β ǫ̂
b
)
(Γp)ab
− i√
2
D̂β
(
−ψ̂aαǫ̂b +
1√
3
χ̂
a
γ̂αǫ̂
b
)
(Γp)ab
− i√
2l
ǫpq (Γq)ab
(
ψ̂
a
αγ̂β ǫ̂
b − ψ̂aβγ̂αǫ̂b +
1√
3
χ̂
a
γ̂αβ ǫ̂
b
)
,
δφ̂ =
i√
2
χ̂
a
ǫ̂a,
δψ̂αa = D̂αǫ̂a +
1
2l
γ̂α (Γ45)ab ǫ̂
b
− l
6
√
2
(
γ̂ βδα − 4δ βα γ̂δ
) [
Ŵ Iβδ (ΓI)ab +
1
l
B̂pβδ (Γp)ab +
1√
2
ΩabF̂βδ
]
ǫ̂b,
δχ̂a =
1√
2
γ̂α∂αφ̂ǫ̂a − l
2
√
6
γ̂αβ
[
Ŵ Iαβ (ΓI)ab +
1
l
B̂pαβ (Γp)ab −
√
2ΩabF̂αβ
]
ǫ̂b. (88)
The linearized equations of motion forN = 4 SU(2)×U(1) gauged supergravity multiplet
Φ = (ê mα , Ŵ
I
α , Âα, B̂
p
αβ, φ, ψ̂αa, χ̂a) are the Einstein equation and the following equations,
ê−1∂α(ĝ
αδ∂δŴ
I
β ) = 0; (89)
ê−1∂α(ĝ
αδ∂δÂβ) = 0; (90)
ê−1∂α
(
êĝαβ∂βφ̂
)
− ∂P (φ̂)
∂φ̂
= 0; (91)
B̂pαβ =
3l
2
êǫpqǫαβγδσD̂
[γB̂δσ]q =
3l
2
ǫpqêǫαβγδσ ĝ
γγ′ ĝδδ
′
ĝσσ
′
D̂[γ′B̂δ′σ′]q; (92)
γ̂αD̂αχ̂a +
1
2
(Γ45)ab χ̂
b = 0; (93)
γ̂αβδD̂βψ̂δa − 3
2l
(Γ45)ab Ω
bcγ̂αβψ̂βc = 0. (94)
The following task is to find the solutions to these equations which asymptotically approach
AdS5 vacuum at r → 0. A detailed process of solving these linearized equations is displayed
in Ref. [87]. As in N = 2 case, the gauge choices in radial direction and the solutions to
above equations near AdS5 boundary take the following forms [87],
ê sµ (x, r) ∼
l
r
e sµ (x), ê
r
4 = ê
4
µ = 0, ê
4
4 =
l
r
;
Âµ(x, r) ∼ Aµ(x), A4(x, r) = 0;
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Ŵ Iµ (x, r) ∼Wµ(x), W I4 (x, r) = 0;
φ̂(x, r) ∼
(
r
l
)2
φ(x);
B̂pµν(x, r) ∼
(
r
l
)−1/3
B−µν(x);
χ̂a(x, r) ∼
(
r
l
)3/2
χi(x);
ψ̂aµ(x, r) ∼
(
r
l
)−1/2
ψiµ(x), ψ̂
a
4(x, r) = 0; (95)
In above equation we need to make some explanations on near-AdS5 boundary behaviors of
antisymmetric field B̂pαβ and fermionic fields χ
a, ψaα [87]. First, we define
B̂αβ =
1√
2
(
B̂4αβ − iB̂5αβ
)
. (96)
This is actually converting the SO(2) vector representation on B̂pµν into U(1) representation
on B̂µν . Further, we decompose B̂µν into self-dual and anti-self-dual sectors,
B̂±µν =
1
2
(
B̂µν ± ˜̂Bµν) ;
˜̂
Bµν =
1
2
êǫµνλρĝ
λσĝρδB̂λδ. (97)
B̂p4µ is not an independent quantity and its relation with B̂
p
µν is given by (τµ) component of
Eq. (92).
B̂pτµ =
3r
2l
eǫpqǫµνλρg
νσgλδgρξD[σB̂δξ]q. (98)
This equation also shows that the radial coordinate dependence B̂pτµ is one power higher
than B̂pµν .
As for the near-AdS5 boundary behavior of on-shell fermionic fields ψ
a
µ and χ
a, they are
in the fundamental representation of USp(4). According to Eq. (78), these fermions should
decompose into two SU(2) doublets with opposite U(1) charges. We choose following explicit
representations of Γ-matrices for the five-dimensional Euclidean Clifford algebra (73) [87],
Γ1 = 1⊗ σ1, Γ2 = 1⊗ σ2, Γ3 = σ3 ⊗ σ3, Γ4 = σ1 ⊗ σ3 Γ5 = σ2 ⊗ σ3, (99)
and hence obtain the representation for SU(2)× U(1) generators,
Q = − i
2
Γ45 =
1
2
σ3 ⊗ 1 =
(
1/2 0
0 −1/2
)
,
T I = − i
2
ΓI45,
T 1 =
1
2
σ3 ⊗ σ1, T 2 = 1
2
σ3 ⊗ σ2 T 3 = 1
2
1⊗ σ3
[Q, T I ] = 0, [T I , T J ] = iǫIJKTK . (100)
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These explicit representations for SU(2) × U(1) generators determines that the first two
components of Ψa in the fundamental representation of USp(4) should be chosen as the
SU(2) doublet with U(1) charge +1/2 and the last two components as the doublet of U(1)
charge −1/2 [87],
(Ψa) =

Ψ1
Ψ2
Ψ3
Ψ4
 =
(
Ψi
Ψi
)
, (Ψi) =
(
Ψ1
Ψ2
)
,
(
Ψi
)
= (Ψ⋆i ) =
(
Ψ3
Ψ4
)
, i = 1, 2. (101)
In above equation, Ψa represents either ψ̂
a
µ or χ̂
a. Therefore, the equation of motion (93)
((94) for χ̂a (ψ̂aµ) reduces to that for ψ̂
i
µ (χ̂
i). Further, like in the N = 2 case, we perform
chiral decomposition on the four-dimensional spinors ψ̂iµ and χ̂
i and the corresponding reduc-
tions of equations of motion on chiral spinors give the asymptotical behaviors of fermionic
fields shown in Eq. (95). Note that ψiµ(x) (χ
i(x)) is SU(2) symplectic Majorana spinors con-
structed from the right-handed spinor ψRiµ (x) (χ
Ri(x). The near-AdS5 boundary behavior of
the left-handed spinor ψ̂Liµ (x) (χ̂
Li(x) is not independent, and it can be expressed in terms of
the right-handed spinor ψRiµ (x) (χ
Ri(x)) [87]. Substituting Eq. (95) into the supersymmetry
transformation law (88) and making the same operation on the supersymmetry transforma-
tion parameter ǫ̂a as χ̂a, we obtain the reduction of bulk supersymmetry transformation on
AdS5 boundary up to the leading order of fermionic fields [87],
δe sµ =
1
2
ǫiγsψµi,
δψiµ = Dµǫ
i − 1
2
γνρB−νργµǫ
i − γµηi,
δW iµ j =
(
−ζ iµγ5ǫj +
1
2
δijξ
k
µγ5ǫk − ψiγ5ηj +
1
2
δijψ
k
µγ5ηk
)
,
δAµ = −iζ iµγ5ǫi + iψiµγ5ηi,
δφ =
1
2
ǫiχi,
δB−µν = ǫ
iRµνi[Q] + ǫ
iγµνχi,
δχi = γ
µ∂µφǫi +
1
2
γµνB−µνǫi. (102)
where ξiµ and the curvature R
i
µν [Q] corresponding to local supersymmetry are defined as the
following,
Rµν i[Q] = Dµψνi −Dµψνi − (γµψνi − γνψµi) ,
ξiµ =
1
3
γν
(
Dνψ
i
µ −Dµψiν +
1
2
γ5eǫµνλρD
λψiρ
)
. (103)
Eq. (102) is exactly the supersymmetry transformation law N = 2 conformal supergrav-
ity in four dimensions. Further, we find that the bulk diffeomorphism transformation law
of the on-shell field on AdS5 boundary reduces to the four-dimensional deffeomorphism-
and Weyl transformations and that the bulk SU(2)× U(1) gauge transformations on AdS5
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boundary convert into the axial SU(2) × U(1) gauge transformation. These reductions of
symmetry transformations determine that the N = 4 five-dimensional SU(2)×U(1) gauged
supergravity near its AdS5 vaccum configuration behaves like the N = 2 off-shell conformal
supergravity in four dimensions. The matching of degrees of freedom between on-shell mul-
tiplet (ê mα , Ŵ
I
α, B̂
p
αβ, Âα, φ̂, ψ̂
a
α, χ̂
a) of N = 4 SU(2)×U(1) gauged AdS5 supergravity and
off-shell multiplet (e rµ , W
I
µ , Aµ, φ, B
−
µν , ψ
i
µ, χ
i) of N = 2 conformal supergravity in four
dimensions is listed in Table II.
D. On-shell N = 8 SO(6) Gauged AdS5 Supergravity and Off-shell N = 4 Conformal
Supergravity in Four Dimensions
In this subsection, we review N = 8 SO(6) gauged supergravity in five dimensions and
argue that its classical dynamical behavior near AdS5 vacuum configuration leads to N = 4
conformal supergravity in four dimensions.
The ungauged N = 8 supergravity in five dimensions can be obtained from the di-
mensional reduction of N = 1 supergravity in eleven dimensions [64,65]. It has global E6(6)
symmetry and local USp(8)R-symmetry. If counted in terms of the representation of USp(8)
R-symmetry group, the field content consists of 1 graviton ê mα , 8 gravitini ψ̂
a
α, 27 vector
fields Âabα , 48 spin-1/2 fields χ̂
abc and 42 scalar fields φ̂abcd, α = 0, · · · , 4 and m = 0, · · · , 4
denote the five-dimensional space-time and local SO(1, 5) Lorentz indices, respectively, and
a, b, c, d = 1, · · · , 8 label fundamental representation indices of USp(8). The above particle
spectrum can also be viewed from the representation of the global E6(6) group by introduc-
ing a 27-bein V abAB , A,B = 1, · · · , 8, which is an element of the coset group E6(6)/USp(8)
and furnishes both the 27-dimensional vector representation of USp(8) and the fundamen-
tal representation of E6(6). According to this viewpoint the spinor fields ψ̂
a
α and χ̂
abc still
behave as the USp(8) tensors, but those 27 USp(8) vector fields Âabα should be considered
as in the fundamental representation of E6(6) with the identification A
AB
µ = V˜
AB
abA
ab
µ . V˜
AB
ab
is the inverse of V abAB , it furnishes the conjugate representation 27 of E6(6) and satisfies the
following relation,
V˜ ABabV
cd
AB =
1
2
(
δcaδ
d
b − δdaδcb
)
+
1
8
ΩabΩ
cd, (104)
where Ωab and Ω
ab are the symplectic metric of USp(8) and its inverse, respectively. The
42 scalar fields φ̂abcd parameterize the non-compact coset space E6(6)/USp(8) since E6 and
USp(8) have 78 and 36 generators, respectively. Based on this observation, one can replace
these scalar fields φ̂abcd by V˜ ABab or equivalently by vector fields Pαabcd defined by
V˜ ABcd∂αV
ab
AB = 2Q
[a
α[c δ
b]
d] + P
ab
αcd . (105)
Q bαa are USp(8) Lie algebra valued and transform as gauge fields of USp(8), and Pαabcd
are in the 42-dimensional representation USp(8) exactly like scalar fields φ̂abc. The above
process is actually furnishing field function representation to E6 group through its maximal
subgroup USp(8).
The Lagrangian density for the ungauged N = 8 Poincare´ supergravity in five dimensions
can thus be constructed based on the global E6(6) and local USp(8) symmetries as well as
the N = 8 supersymmetry [64,65],
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ê−1Lungauged = − 1
4κ2
R̂[ω̂]− 1
2
iψ̂
a
αγ̂
αβδ∇̂αψ̂δa − 1
8
GAB,CDF̂
AB
αβ F̂
αβCD +
1
12
iχ̂
abc
γ̂α∇̂αχabc
− 1
24κ2
PαabcdP
αabcd − 1
12
ê−1ǫαβγδσF̂ Aαβ BF̂
B
γδ CÂ
C
σ A +
i
3
√
2
Pαabcdψ̂
a
βγ̂
αγ̂βχbcd
+
1
4
iκV abAB F̂
AB
αβ
(
ψ̂
δ
aγ̂[δγ̂
αβ γ̂σ]ψ̂
σ
b +
i√
2
ψ̂
c
δγ̂
αβγ̂δχ̂abc +
1
2
χ̂acdγ̂
αβχ̂ cdb
)
+four-fermion terms, (106)
where F̂ ABαβ is the field strength corresponding to the vector field A
AB
α ,
F̂ ABαβ = ∂αÂ
AB
β − ∂βÂ ABα + [Âα, Âβ ]AB; (107)
GAB,CD is E6(6) covariant and USp(8) invariant metric,
GAB,CD = V
ab
AB ΩacΩbdV
cd
CD ; (108)
The covariant derivative ∇̂α acting on spinor fields is defined with respect to both spin
connection ω̂α and USp(8) gauge field Q
a
α b,
∇̂αψ̂aβ =
(
∂αδ
a
b −Q aα b +
1
4
ω̂αmnγ̂
mnδab
)
ψ̂bβ ,
∇̂αχ̂abc =
(
∂αδ
[a
d − 3Q [aµ d +
1
4
ω̂αmnγ̂
mnδ
[a
d
)
χ̂dbc]. (109)
The gauging of above supergravity is just turning some of the 27 vector fields A ABα
into gauge fields of certain simple subgroup of E6(6) [66]. That is, the global symmetry
group of E(6) in the ungauged N = 8 supergravity should break to the gauge group. It is
obvious that one cannot convert all of those 27 vector fields into gauge fields since there
exists no simple group with 27 generators. Thus the gauge group should be a subgroup
of E6(6) with dimensionality less than 27. This determines that the possible gauge group
should be SO(6) and its noncompact real forms SO(n, 6 − n), 1 < n ≤ 3. This is because
SO(n, 6− n), (0 ≤ n ≤ 3) are all subgroups of SL(6, R), while SL(6, R)× SL(2, R) is the
maximal subgroup of E6(6). To complete this gauging procedure, one should first rearrange
above field representations of E6(6) in terms of the representations realized on its maximal
subgroup SL(6, R)×SL(2, R). That is, we branch E6(6) with respect to SL(6, R)×SL(2, R).
As a consequence, the vector fields Â ABα , the 27-bein V
ab
AB and its inverse V
AB
ab, all of which
are in the 27- or 27-dimensional fundamental representation E6(6), decompose as
27 = (15, 1)⊕ (6, 2), 27 = (15, 1)⊕ (6, 2),
ÂABα =
(
ÂαIJ
ÂKpα
)
, ÂαIJ = −ÂαJI ;
V abAB =
(
V IJab, V abIp
)
, V˜ ABab =
(
V˜IJab, V˜
Ip
ab
)
, (110)
and there exist that
V IJabV˜abKL = δ
IJ
KL, V
ab
Jq V˜
Ip
ab = δ
I
Jδ
p
q, V
ab
KL V˜
Ip
ab = VIpabV˜abIJ = 0. (111)
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In above equations, I, J,K = 1, · · · , 6 and p = 1, 2 are the fundamental representation
indices of SL(6, R) and SL(2, R), respectively. The vector fields ÂαIJ naturally become
gauge fields for SO(n, 6 − n) group. For any quantity XaI which used to transform with
respect to certain representation of the global SL(6, R) and local USp(8) in the ungauged
theory, the covariant derivative is defined as
D̂αX̂aI≡∂αX̂aI +Q bαa X̂bI − gÂαIJηJKX̂aK . (112)
However, the remained 12 vector fields ÂIpα transform nontrivially under the gauge group
SO(n, 6− n). To keep these 12 vector fields massless, one must replace them by its Hodge
dual, the second-rank antisymmetric field B̂Ipαβ and specifically B̂αβ should satisfy the fol-
lowing self-dual field equation,
B̂Ip = c ⋆ ĜIp,
B̂Ip =
1
2
B̂Ipαβdx
α ∧ dxβ,
Ĝ = dB̂, (113)
where c is certain constant. The Abelian symmetry B̂ → B̂+dΛ̂ prevents B̂Ipα from becoming
massive.
The gravitational field ê mα keeps intact since it is an E6(6) singlet. In the following, let
us turn to the conversion of the 42 scalar fields in the gauging process. As stated above,
these scalar fields parametrize the non-compact space E(6)/USp(8) and are described by
27-bein V cdAB or its inverse V˜
AB
ab . Since V
cd
AB (or V˜
AB
ab ) transforms as 27 (or 27) under
E(6) and 27 (27) under Usp(8), it should be branched with respect to SL(6, R)× SL(2, R)
as shown in Eq. (110). To keep E(6)/USp(8) coset space structure for scalar fields as that
in the ungauged case, one just simply generalizes Eq. (105) in a gauge covariant way and
defines P abcdα as the covariant derivative of the 27-bein with respect to SO(n, 6− n) gauge
fields ÂIJα and USp(8) connection,
V˜ abABDαV
cd
AB = P
abcd
α ≡ P [abcd]α . (114)
These definitions determine that in the gauged case the USp(8) connection Q bαa can be
expressed in terms of the 27-bein and SO(n, 6− n) gauge fields,
Q bα a = −
1
3
[
V˜ bcAB∂αVABac + gAαIKη
JK
(
2V ILac V˜
bc
JL − VJpacV˜ bcIp
)]
(115)
The Lagrangian density of five-dimensional SO(n, 6 − n) gauged N = 8 supergravity
takes the following form,
ê−1L = − 1
4κ2
R̂[ω̂]− 1
2
iψ̂
a
αγ̂
αβδD̂βψ̂δa +
1
12
iχ̂
abc
γ̂α∇̂αχ̂abc − 1
24
PαabcdP
αabcd
−1
8
(
F̂αβab + B̂αβab
) (
F̂ αβab + B̂αβab
)
+
i
3
√
2
Pβabcdψ̂
a
αγ̂
βγ̂αχ̂bcd
+
1
4
iκ
(
F̂ abαβ + B̂
ab
αβ
)(
ψ̂
δ
aγ̂[δγ̂
αβγ̂σ]ψ̂
σ
b +
i√
2
ψ̂
c
δγ̂
αβγ̂δχ̂abc +
1
2
χ̂acdγ̂
αβχ̂ cdb
)
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− 1
15
igTabψ̂
a
αγ̂
αβψ̂bβ +
i
6
√
2
gAabcdχ̂
abc
γ̂αψ̂dα +
1
2
igχ̂
abc
(
1
2
Abcde − 1
45
ΩbdTce
)
χ̂ dea
+
1
96
g2
[(
8
15
)2
(Tab)
2 − (Aabcd)2
]
+
1
8g
ê−1ǫαβγδσηIJǫpqB̂
Ip
αβ D̂γB̂
Jq
δσ
− 1
96
e−1ǫαβγδσǫIJKLMN
(
F̂IJαβF̂KLγδÂMNσ + gη
PQF̂IJαβÂKLγÂMPδÂQNσ
+
2
5
g2ηPQηRSÂIJαÂKPβÂQLγÂMRδÂQNσ
)
+ four-fermion terms. (116)
In above Lagrangian, the SO(n, 6 − n) gauge field strength F̂αβIJ and antisymmetric field
B̂ abαβ are defined as the following,
F̂αβIJ = ∂αÂβIJ − ∂βÂαIJ − g[Âα, Âβ ]IJ ,
F̂ abαβ = F̂αβIJV
IJab, B̂ abαβ = B̂
Ip
αβ V
ab
Ip . (117)
The USp(8) tensors T , A and the relevantW are all constructed from the SL(6, R)×SL(2, R)
components of 27-bein V abAB and its inverse V˜
AB
ab,
T abcd ≡
(
2V IKaeV˜beJK − V aeJp V˜ Ipbe
)
ηJLV˜cdIL,
Wabcd ≡ ǫpqηIJVIpabVJqcd = −Wcdab, Aabcd ≡ Ta[bcd]
Tabcd = ΩaeT
e
bcd = Tbacd, Tab ≡ T cabc. (118)
The above USp(8) tensors satisfy the following relations and identities originating from their
definitions,
Tab = Tba =
15
4
W cacb,
Wabcd =
1
6
(Tacbd − Tbcad + Tbdac − Tadbc) + 1
5
(
Ωa[cTd]b − Ωb[cTd]a
)
,
Aabcd = −3Wa[bcd], A[abcd] = 0,
TabcdW
cd
ef = 0, A
e
bcdWa]efg = 0,
9AcdeaAcdeb −
8
5
T cdAcdab −
(
A cdea Abcde + ΩabA
cdefAcdef
)
= 0,
6
(45)2
TacT
c
b −
1
96
AcdeA
cde
b = −
1
8
Ωab
[
6
(45)2
TcdT
cd − 1
96
AcdefA
cdef
]
. (119)
These identities play some roles in proving the supersummetric invariance of gauged super-
gravity.
The supersymmetry transformation laws at the leading order of fermionic fields are
δê mα = −iǫ̂aγ̂mψ̂αa,
δÂαIJ = 2i
(
ǫaψ̂bα +
1
2
√
2
ǫcγ̂αχ̂
abc
)
V˜abIJ ,
δB̂ Ipαβ = 2D[α
[
2i
(
ǫ̂
a
ψ̂bβ +
1
2
√
2
ǫ̂cγ̂βχ̂
abc
)
V˜ Ipab
]
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−2igηIJǫpqVJqab
(
ψ̂
a
[αγ̂β]ǫ̂
b +
1
4
√
2
χ̂
abc
γ̂αβ ǫ̂c
)
,
δψ̂αa = D̂αǫ̂a − 2
45
gTabγ̂αǫ̂
b − 1
6
(
F̂βδab + B̂βδab
) (
γ̂βσγ̂α + 2γ̂
βδσα
)
ǫ̂b,
δχ̂abc =
√
2γ̂αPαabcdǫ̂
d − 1√
2
gǫ̂dAdabc − 3
2
√
2
γ̂αβ
(
F̂αβ[ab + B̂αβ[ab
)
ǫ̂c],(
δV IJab
δV abIα
)
= −2
√
2i
(
V IJcd
VIαcd
)
ǫ̂
[a
χ̂bcd] (120)
It was found in Ref. [66] that when the gauge group is SO(6) this gauged supergravity
admits AdS5 classical solution which preserves the full N = 8 supersymmetry (or equivalent
speaking, a classical solution exhibiting N = 4 anti-de Sitter supersymmetry SU(2, 2|4))
[66,68,67]. The existence of this solution can be explained as the following [66,68,67]. Con-
sidering a configuration of above gauged supergravity with only nonvanishing metric and
scalar field, one has the Einstein equation from the action (116),
R̂αβ − 1
2
ĝαβR̂ = 2P ĝαβ. (121)
In above equation, P is the scalar potential in (116), which be rewritten as the following
form with the T -tensor identities,
P = −g2
[
6
(45)2
TabT
ab − 1
96
AabcdA
abcd
]
= − 1
32
g2
[
2WabW
ab −WabcdW abcd
]
. (122)
Eq. (121) shows that if the the scalar potential has a critical point at certain expectation
value of the scalar field, and the corresponding critical value of the scalar potential P0 < 0,
the AdS5 solution exists with the cosmological constant Λ = −4/3P0.
To verify explicitly the existence of such a critical point one has to re-express the scalar
potential in an SO(n, 6− n) gauge invariant form. So Wab and Wabcd in the scalar potential
should be rewritten in terms of the representations of SL(6, R)× SL(2, R) because it is the
subgroup of SL(6, R) that is gauged. Since Wab and Wabcd are tensors of USp(8) group, the
maximal compact subgroup of of E6(6), while SL(6, R)× SL(2, R) is the maximal subgroup
of E6(6), one should establish an explicit connection between the representations of USp(8)
and of SL(6, R) × SL(2, R). This can be done by working out the explicit forms for the
SL(6, R) × SL(2, R) components of the 27-bein, V abAB =
(
V IJab, V abIp
)
. The method is
employing the representation of USp(8) generators constructed from SO(7) Clifford algebra
and the transformation law of the SL(6, R)× SL(2, R) components of 27-dimensional basis
ZAB = (ZIJ , Z
Ip/
√
2) under E6(6) action. This can be proceeded as the following. First,
with SO(7) gamma matrices Γi, i = 0, I, I = 1, · · · , 6, {Γi,Γj} = 2δij , the representation of
generators of USp(8) expressed in terms of its SU(4)× U(1) subalgebra is
(AIJ)
b
a = (ΓIJ)
ab , (A) ba = (Γ0)
ab , (SIJK)
ab = (ΓIJK)
ab = (ΓIJK)
ab , (123)
AIJ and A are generators of SU(4)× U(1). Using the following defined Γ-matrices,
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ΓIp = (ΓI , iΓIΓ0) (124)
and above SU(4) generators, one can obatin the USp(8) components Zab of the 27-
dimensional bases ZAB of E(6)6 with the projection coefficients being the SL(6, R)×SL(2, R)
components (ZIJ , Z
Ip),
Zab =
1
4
(
ΓIJ
)ab
ZIJ +
1
2
√
2
(ΓIp)
ab ZIp = ZABV abAB . (125)
The invariant inner product
Z˜abZ
ab = Z˜ABZ
AB = Z˜IJZIJ + Z˜IpZ
Ip (126)
determines the projection Z˜ab in the USp(8) representation space of dual bases Z˜AB,
Z˜ab =
1
4
(ΓIJ)
ab Z˜IJ − 1
2
√
2
(
ΓIp
)AB
Z˜Ip = V
AB
ab Z˜AB. (127)
where Z˜IJ and Z˜
Ip are dual bases in SL(6, R)× SL(2, R) conjugate representation spaces.
On the other hand, as a fundamental representation of E6(6), the infinitesimal transfor-
mations of ZAB under the action of E6(6) read
δ
(
ZIJ
ZKα/
√
2
)
= X
(
ZMN
ZPβ/
√
2
)
. (128)
The X in above equation is the 27× 27 matrix,
X =
( −4λ[M[IδNJ ] √2ΣIJPβ√
2ΣMNKα ΛKP δ
α
β + δ
K
PΛ
α
β
)
; (129)
ΛKP and Λ
α
β are SL(6, R) and SL(2, R) Lie algebra valued infinitesimal matrices, respec-
tively, and ΣMNKp is a real and antisymmetric self-dual tensor of SL(6, R), Σ
MNKp =
Σ[MNK]p = 1/3!ǫpqǫIJKLMNΣLMNq. Eq. (128) implies the following finite transformation of
ZAB under the action of E6(6),
Z ′IJ =
1
2
U MNIJ ZMN +
1√
2
ZLqULqIJ ,
Z
′Kp = ZLqU KpLq +
1√
2
UKpIJZIJ ,
U ≡ exp (X) . (130)
Eqs. (125) and (130) give the action of E6(6) on the USp(8) components Z
ab of ZAB,
Z ′ab =
[
1
8
(
ΓIJ
)ab
U KLIJ +
1
4
(ΓIp)
ab U IpKL
]
ZKL
+ZKq
[
1
4
√
2
(
ΓIJ
)ab
UKqIJ +
1
2
√
2
(ΓIp)
ab U IpKq
]
(131)
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and hence yield the 27-bein expressed in terms of the fundamental representation (27× 27)
matrix of E6(6),
V KLab =
1
8
(
ΓIJ
)ab
U KLIJ +
1
4
(ΓIp)
ab U IpKL,
V abIp =
1
4
√
2
(
ΓMN
)ab
UIpMN +
1
2
√
2
(ΓKq)
ab U KqIp . (132)
A substitution (132) into (118) and (122) converts the USp(8) tensors in the scalar potential
into the SL(6, R)× SL(2, R) tensors,
W ab =
1
8
iǫpqηIJ
{(
ΓKLΓ0
)ab
UIpKMUJqLM − iδ sr
(
Γ[KLΓM ]s
)ab
U MrIp UJqKL
+ǫrsU
Kr
Ip U
Ls
Jq
[
(ΓKLΓ0)
ab + iδab
]}
;
WabcdW
abcd = ηIKηJLǫprǫqsMIpJqMKrLs;
MIpJq = (UU
T )IpJq =
1
2
U KLIp UJqKL + U
Kr
Ip UJqKr. (133)
Further, the scalar potential can be reduced to SL(6, R) invariant form by choosing the
cross components σIJKp to vanish. This gives
U IJKL = 2S
[I
[K S
J ]
L] , U
IJkp = UKpIJ = 0, U
Jq
Ip = S
J
I S
′ β
α ,(
S IJ
)
∈ SL(6, R),
(
S ′ βα
)
∈ SL(2, R) (134)
and USp(8) tensor Wab simplifies to
Wab = −1
4
Tr(ηM)δab, (135)
where MIJ =
(
SST
)
IJ
= S KI SJK is the symmetry SL(6,R) metric. Consequently, the
anticipated form of scalar potential (122) arises,
P = − 1
32
g2
{
[Tr(ηM)]2 − 2 [Tr(ηMηM)]
}
, (136)
Since M is a symmetric matrix of SL(6, R), one can always employ SO(6) gauge symmetry
to make M diagonal by its subgroup SO(6) (detM = 1) ,
M = diag
{
e2λ1 , e2λ2 , e2λ3 , e2λ4 , e2λ5 , e2λ6
}
,
∑
λi
λi = 0. (137)
It was shown that only when all λi = 0, i.e., the gauge group is SO(6), the AdS5 vacuum
configuration exists. According to Eq. (135), the critical points of scalar fields are
Wab = −3
2
δab = −
(
−3P0
g2
)1/2
δab (138)
and the cosmological constant comes from the critical value of the scalar potential,
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Λ = −4
3
P0 = g
2. (139)
The preservation on N = 8 supersymmetry in this AdS5 space-time background can
be revealed by observing the Killing spinor equation obtained from the supersymmetric
transformations for the fermionic fields ψ̂aα and χ̂abc
δψ̂aα = ∇̂αǫ̂a −
1
6
gΩabWbcγ̂αǫ̂
c = 0, (140)
δχ̂abc = − 1√
2
gAabcdǫ̂
d = 0. (141)
It was verified that these two Killing equations are equivalent and trivially satisfied in above
AdS5 vacuum configuration. This can be shown as the following. First, Eq. (140) leads to
the integrability condition,[(
R̂αβδσ γ̂
δσ
)
δab −
2
9
g2W acWbcγ̂αβ
]
ǫ̂b = 0. (142)
This equation and the Riemannian curvature tensor of AdS5 space-time
R̂αβδσ =
1
4
Λ (ĝαδĝβσ − ĝασĝβδ)
= −1
3
P0 (ĝαδĝβσ − ĝασĝβδ) (143)
imply that ǫa should be an eigenvector of the real symmetric matrix Wab,
(W 2)abγ̂αβ ǫ̂
b = − 3
g2
P0γ̂αβ ǫ̂
a. (144)
The cosmological constant Λ and the critical pointWab given in Eqs. (138) and (139) commit
Eq. (142) to stand identically. Further, the contraction of ǫa with the last identity in Eq. (119)
yields
ǫ̂aAacdeA
cde
b = 4ǫ̂
a
[
(W 2)ab − 3
g2
P0Ωab
]
. (145)
Eqs. (144) and (145) determine that those two Killing equations (140) and (141) are equiv-
alent. Since there is no constraint on the Killing spinor ǫ̂a, the AdS5 vacuum configuration
thus preserves the full N = 8 supersymmetry.
We see from above discussion that in the gauging process the global E6(6) symmetry
first breaks to its maximal subgroup SL(6, R) × SL(2, R) and then SL(6, R) breaks to
its subgroup SO(6). The SL(2, R) remains as a global symmetry in the five-dimensional
N = 8 gauged supergravity, which can be considered as the SL(2, R) symmetry of type IIB
supergravity if the gauged supergravity is obtained from the compactification of type IIB
supergravity on S5. Originally in the ungauged case there are 42 scalar fields, two of which
should be interpreted as the dilaton and axion. The quantities Wab and Wabcd consisting
of the scalar potential are the complicated SL(6, R) × SL(2, R) invariant combination of
scalar fields. It turned out that Wab and Wabcd depends only on 20 scalar fields MIJ , which
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is obtained from the combination of those 40 scalar fields. (MIJ) is symmetric matrix and
parametrizes the coset space SL(6, R)/SO(6). Further, the SO(6) symmetry can take M
to be the diagonal form (137). The shows that finally there are only 5 scalar fields in the
theory. Further, using an orthonormal parametrization [69], λI = αIiφ̂i, i = 1, · · · , 5, one
can replace αI of Eq. (137) by five independent fields φ̂i. The explicit form if (αIi) is given
in Ref. [69]. The classical Lagrangian consisting of only gravitational and scalar fields is
ê−1L = −1
4
R̂ +
1
2
∂αφ̂i∂
αφ̂i − P [φ̂], (146)
and the scalar potential can be written as
P [φ̂] =
g2
8
5∑
i=1
(
∂W
∂φ̂i
)2
− g
2
3
W 2, . (147)
Near the critical point, φ̂i = 0, one has the approximation expansions
W [φ̂] = −
[
3
2
+
1
4
5∑
i=1
(
φ̂i
)2
+O(φ̂)
]
P [φ̂] = −3
4
g2 − 3
32
g2
5∑
i=1
(
φ̂i
)2
+O(φ̂). (148)
mmmmmmm
We can in principle do the same thing on N = 8 SO(6) gauged supergravity: expanding
the theory around the AdS5 vacuum and observing the solution to linearized equation of
motion whether they constitute an off-shell multiplet for N = 4 conformal supergravity in
four-dimensions. However, in practice, this procedure is much more complicated to imple-
ment than the N = 2, 4 cases. Despite of the complication of this procedure, there are
quite a number of evidences supporting this identification between on-shell five-dimensional
N = 8 gauged AdS5 supergravity and off-shell N = 4 conformal supergravity in four dimen-
sions. The N = 8 supersymmetry group in AdS5 space is SU(2, 2|4) and it is exactly the
N = 4 superconformal group in four dimensions. In particular, the on-shell degrees of free-
dom of the gauged N = 8 SO(6) gauged AdS5 supergravity counted with SO(3) little group
matches identically with the N = 4 off-shell conformal supergravity in four dimensions.
The field content of N = 4 conformal supergravity in four dimensions consists 1 graviton
e rµ , 4 gravitini ψ
i
µ, 15 SU(4) (or SO(6)) gauge fields V
i
µ j, 1 complex field ϕ, 4 spinors
χi, 10 complex scalars E(ij), 20 spinor fields λ
k
[ij], 6 antisymmetric tensors B
−[ij]
µν . The
transformations under supersymmetry and special supersymmetry generators for the N =
4 conformal supergravity multiplets should be reproduced from Eq. (120) near the AdS5
vacuum configuration [60,21,87],
δe rµ =
1
2
ǫiγrψµ i + h.c,
δψiµ = Dµǫ
i − 1
2
γνλB−ijνλ γµǫj − γµηi,
δV iµ j =
(
−ξiµǫj +
1
4
δijξ
k
µǫk +
1
2
ǫkγµχ
i
kj − ψiηj +
1
4
δijψ
k
µǫk
)
+ h.c.,
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δφ =
1
2
ǫiχi,
δχi = γ
µDµφǫi +
1
2
Eijχ
j +
1
2
ǫijklγ
µνB−klµν ǫ
j ,
δEij =
1
2
(ǫiγ
µDµχj + ǫjγ
µDµχi)− 1
2
ǫk
(
λ
lm
iǫjklm + λ
lm
jǫiklm
)
−
(
ηiχj + ηjχi
)
,
δDij kl = −2
(
ǫiγµDµλ
j
kl − ǫjγµDµλikl
)
+ δikǫ
mγµDµλ
j
ml
−δilǫmγµDµλjmk − δjkǫmγµDµλiml + δjlǫmγµDµλimk,
δB−ijµν =
1
2
(
ǫiRjµν [Q]− ǫjRiµν [Q]
)
+
1
2
ǫkγµνλ
ij
k
+
1
4
ǫijklǫkγ
ρDργµνχ˜l − 1
4
ǫijklǫkγµνχl,
δλij k = −
1
2
γµνγρDρ
[
B−ijµν ǫk +
1
3
(
δikB
−jl
µν − δjkB−ilµν
)
ǫl
]
−1
2
γµν
[(
Riµν k[V ]ǫ
j − Rjµν k[V ]ǫi
)
+
1
3
(
δikR
j
µν l[V ]− δjkRiµν l[V ]
)
ǫl
]
−1
4
ǫijlmγµDµEklǫm +
1
2
Dij klǫ
l − 1
2
ǫijlmEklηm
+γµν
[
B−ijµν ηk +
1
3
(
δikB
−jl
µν − δjkB−ilµν
)
ηl
]
, (149)
where ξiµ and R
i
µν [Q] are listed in (103); The curvature R
i
µν j[V ] relevant to local SUR(4)
symmetry are the corresponding gauge field strength but with fermionic terms required by
supersymmetry,
Riµν j [V ] = ∂µV
i
ν j − ∂νV iµ j + [Vµ.Vν ]i j − 2
[(
ψ
i
[µξν]j −
1
4
δijψ
k
[µξν]k
)
+ h.c.
]
. (150)
IV. EXTERNAL SUPERCONFORML ANOMALY FROM ADS/CFT
CORRESPONDENCE
A. Generality
In this section we show how the external superconformal anomaly (10) can be obtained
from the gauged supergravity in the AdS5 vacuum configuration. First, the relation Eq. (48),
which is established based on AdS5/CFT4 correspondence, tells that the quantum effective
action of the supersymmetric SU(N) gauge theory at large-N limit in a conformal super-
gravity background is equal to the on-shell action of five-dimensional gauged supergravity
evaluated with the classical solutions which asymptotically approach to the AdS5 vacuum
configuration. In last section it was verified explicitly (in N = 2, 4 cases) that the AdS5
boundary data actually constitute certain off-shell conformal supergravity multiplet in four
dimensions. Correspondingly, on the AdS5 boundary, the bulk diffeomorphism symmetry
decomposes the four-dimensional diffeomorphism symmetry and the Weyl symmetry; the
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bulk supersymmetry converts into the Poincare´ supersymmetry and the super-Weyl symme-
try in four dimensions, and the bulk gauge symmetry separates into four-dimensional vector-
and axial vector gauge symmetries. Eq. (48) means that the external conformal supergravity
background in the context of AdS/CFT correspondence is furnished by the AdS5 boundary
data of on-shell gauged supergravity in five dimensions. On the other hand, Eqs. (7), (8)
and (9) imply that the (covariant) conservation of superconformal current multiplet of a su-
persymmetric gauge theory is completely equivalent to the local conformal supersymmetry
of external conformal supergravity background. Thus the violation of local conformal super-
symmetry in the background effective action ΓCFT[φ0] means the arising of superconformal
anomaly. Therefore, we calculate the above on-shell action of five-dimensional gauged su-
pergravity and check it supersymmetry variations near AdS5 boundary. Due to the large
volume of AdS5 boundary, the on-shell action of gauged supergravity near AdS5 boundary
usually suffers from IR divergence. One should employ a so-called holographic renormaliza-
tion procedure to make it well defined. This process cannot preserve above bulk symmetry
reduction in each pair simultaneously. The physical consideration requires that the four-
dimensional diffeomorphism symmetry, the Poincare´ supersymmetry and the vector gauge
symmetry should be preserved, hence the external superconformal conformal anomaly arises.
It is usually called the holographic superconformal anomaly since it is reproduced from the
five-dimensional bulk theory.
In the following we review how the holographic superconformal anomaly can be produced
from the on-shell five-dimensional gauged supergravity.
B. Holographic Chiral R-symmetry Anomaly
The reproduction of the holographic chiralR-symmetry anomaly lies in the Chern-Simons
five-form term in five-dimensional gauged supergravity. As is well known, the Chern-Simons
term has a remarkable feature; its variation under gauge transformation is a total derivative.
According to differential geometry construction on chiral anomaly [71], this total derivative
term is just the (consistent) chiral anomaly since it satisfies the Wess-Zumino condition
[72]. Therefore, based on Eq. (48), we perform gauge transformation on classical action of
gauged supergravity. All other terms are gauge invariant except that the Chern-Simons
five-form yields a total derivative term under gauge transformation. We then take this total
derivative to the AdS5 boundary and use the boundary reductions of bulk gauge field and
gauge symmetry to extract out the chiral anomaly. The fact that the holographic chiral R-
symmetry anomaly of supersymmetric gauge theory can be obtained from the Chern-Simons
term in five-dimensional gauged supergravity side was first pointed by Witten [4] and later
it was explored beyond the leading order of large-N expansion [93,94].
1. Holographic SU(4) Bardeen Anomaly from N = 8 Gauged AdS5 Supergravity
In N = 4 supersymmetric Yang-Mills theory, the chiral R-symmetry is SUR(4), which
corresponds to SO(6) ∼= SU(4) gauge symmetry in N = 8 five-dimensional supergravity. It
should be emphasized that the SUR(4) symmetry in supersymmetric Yang-Mills theory is
a global symmetry. An external vector Aaµ must couple with the chiral SUR(4) current j
a
µ
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to yield the anomaly, here a = 1, · · · , 15 denoting SU(4) group indices (or a = [IJ ] SO(6)
indices). The AdS5 boundary value A
a
µ(x) of the bulk SU(4) gauge field Â
a
α(x, r) provides
such an external field in terms of the holographic version on AdS/CFT correspondence.
According to Eq. (47) we have
SSUGRA[Â
a
α[A
a
µ(x)], · · ·] = ΓSYM[Aaµ, · · ·] (151)
Recall that there exists the Chern-Simons term in five-dimensional N = 8 gauged super-
gravity,
SCS[Â] =
l3
48πG(5)
∫
Tr
(
ÂF̂ 2 − 1
2
Â3F̂ +
1
10
Â5
)
=
l3
48πG(5)
∫
Tr
(
Â(dÂ)2 +
3
2
Â3dÂ+
3
5
Â5
)
=
l3
192πG(5)
∫
d5xǫαβγδσdabc
(
ÂaαF̂
b
βγF̂
c
δσ − fadeÂdαÂeβÂbγF̂ cδσ
+
2
5
fadef efgÂdαÂ
f
βÂ
g
γÂ
b
δÂ
c
σ
)
, (152)
where dabc = Tr
(
tatbtc
)
, [ta, tb] = ifabctc. Making the following SU(4) gauge transformation
on five-dimensional gauged supergravity near AdS5 vacuum configuration,
δÂaα(x, r) = (D̂αV (x, r))
a, (153)
with V (x, r) = V a(x, r)ta being the gauge transformation parameter, we obtain
δV SSUGRA[Â[A], · · ·] = δV SCS[Â] =
∫
dω14(V, Â) =
∫
ω14(v, A)
=
l3
48πG(5)
∫
Tr
[
v d
(
AdA+
1
2
A3
)]
= δvΓ[A
a
µ, · · ·] =
∫
d4x
δΓ
δAaµ(x)
δAaµ(x)
=
∫
d4x 〈jaµ〉 δAaµ(x) =
∫
d4xjaµ(x)[Dµv(x)]
a
= −
∫
d4xva(x)[Dµj
µ(x)]a, (154)
where we have used Eq, (151) and the AdS5 boundary reduction of bulk gauge fields as well
as the Stora-Zumino chain of descent equations,
in+2
(2π)n(n+ 1)!
TrF n+1 = dω2n+1[A],
δvω2n+1 = dω
1
2n(v, A). (155)
If we consider the string origin of the AdS/CFT correspondence and the fact that the
N = 8 gauged AdS5 supergravity can be obtained from the type IIB supergravity around
AdS5×S5 background, there should exist following relations among the AdS5 radius l, string
44
coupling gs, the flux N passing through S
5, and also a connection between the five- and ten-
dimensional gravitational constants due to the compactification of the type IIB supergravity
on S5 of radius l [31],
G(5) =
G(10)
Volume (S5)
=
G(10)
l5π3
, G(10) = 8π6g2s , l = (4πNgs)
1/4 . (156)
Hence we immediately recognize from Eq. (154) the Bardeen anomaly up to the normaliza-
tion constant [95,96].
[Dµj
µ(x)]a = − N
2
24π2
e−1ǫµνλρ∂µTrt
a
(
Aν∂λAρ +
1
2
AνAλAρ
)
. (157)
2. Holographic Chiral UR(1) Anomaly from SU(2)× U(1) Gauged N = 4 AdS5 Supergravity
In four-dimensional N = 2 supersymmetric Yang-Mills theory, the R-symmetry is the
UR(2)∼=SUI(2) × UR(1). It is the UR(1) that becomes anomalous. Observing the classical
action (87) of SU(2)×U(1) gauged N = 4 supergravity, we see that there exists a SU(2)×
U(1)-mixed Chern-Simons term,
SCS[Ŵ , Â] = − l
3
8 × 16πG(5)
∫
d5xǫαβγδσŴ aαβŴ
a
γδÂσ
= − l
3
16πG(5)
∫
Tr
(
Ŵ ∧ Ŵ
)
∧ Â. (158)
Under the bulk U(1) gauge transformation δV Â = dV on N = 4 gauged supergravity near
AdS5 vacuum configuration, we have
δV SSUGRA[Ŵ [W ], Â[A], · · ·] = δV SCS[Ŵ [W ], Â[A]]
= − l
3
16πG(5)
∫
Tr
(
Ŵ ∧ Ŵ
)
∧ dV = − l
3
16πG(5)
∫
d
[
V Tr
(
Ŵ ∧ Ŵ
)]
= − l
3
16πG(5)
∫
vTr (W ∧W ) . (159)
According to the AdS/CFT correspondence (47) at gauged supergravity level, Eq. (grasiva)
should equal to
δvΓSYM[W,A] = −
∫
d4xvDµj
µ. (160)
Thus we obtain the chiral UR(1) anomaly of the N = 2 supersymmetric Yang-Mills theory
at the leading-order of large-N expansion,
Dµj
µ =
N2
32π2
ǫµνλρW aµνW
a
λρ. (161)
Finally, we briefly mention that the holographic chiral UR(1) anomaly of the N = 1
supersymmetric SU(N) Yang-Mills theory can be easily obtained from the N = 2 U(1)
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gauged supergravity near AdS5 vacuum configuration. According to Eq. (55), the U(1)
Chern-Simons term reads
SCS[Â] =
l3
16πG(5)
∫
dÂ ∧ dÂ ∧ Â = l
3
64πG(5)
∫
d5x ǫαβγσδF̂αβF̂γσÂδ. (162)
The AdS/CFT correspondence and the variation of Chern-Simons term under bulk U(1)
gauge transformation yields the U(1) chiral anomaly of N = 1 supersymmetric gauge theory
in the external conformal supergravity background.
C. Holographic Weyl Anomaly
It is non-trivial to recognize the trace anomaly of a supersymmetric gauge theory from
the supergravity side. The origin of trace anomaly lies in the near-AdS5 boundary behavior
of the classical solution of the gauged supergravity. In the earlier works on gauged super-
gravity [66,84,85] the dynamical behavior of five-dimensional gauged supergravity near AdS5
vacuum configuration was neglected. It was first found in Ref. [5] that due to the infinity
of the AdS5 boundary, the on-shell action of gauged supergravity near AdS5 vacuum con-
figuration is not well defined and the infrared divergence arises. This IR divergence is dual
to the the UV divergence of the supersymmetric gauge theory defined on AdS5 boundary.
One must perform a “ holomorphic renormalization ” procedure [98,99] to manipulate this
divergence. It is very similar to the renormalization method of dealing with the UV diver-
gence in a perturbative quantum field theory. That is, one must first introduce a cut-off (IR
regulator) to make the space-time have a finite volume and calculate the on-shell bulk gravi-
tational action, then introduces the counterterms according to the renormalization condition
to make the on-shell action of gauged supergravity near the AdS5 boundary well defined.
Finally one removes the cut-off and hence obtains a finite on-shell bulk action. However,
there exists an ambiguity when adding the finite counterterms. One usually chooses the
diffeomorphism symmetry on the boundary to fix this ambiguity. As stated above, the dif-
feomorphism symmetry of the gauged supergravity near the AdS5 boundary decomposes
into the diffeomorphism symmetry [25] and the Weyl symmetry. These two symmetries
cannot be preserved simultaneously during the holomorphic renormalization process. When
requiring the diffeomorphism symmetry to be preserved, one thus obtains the Weyl anomaly
of a supersymmetric gauge theory in the curved space-time. In the following we show how
the holographic Weyl anomaly comes from the gauged supergravity.
We must look for the domain wall solution of the gauged N = 8 supergravity which
asymptotically approaches to the AdS5 geometry. Without losing generality, in N = 4, 8
cases, we consider the gauged supergravity consisting of only gravitational- and scalar fields.
The classical action is listed in Eq. (146) and the cosmological constant originates from the
critical value of the scalar potential. It should be emphasized that the presence of scalar
fields is necessary for the existence of domain wall solution, otherwise there will be no non-
trivial vacuum configurations and the domain wall solutions cannot arise. We consider only
the scalar field for simplification. The corresponding classical field equations are the Einstein
equation (121) and and the scalar field equation
∇µ∂µφ = ∂P
∂φ
. (163)
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For N = 2 case, we consider the pure gravitational field with the cosmological constant term
and assume that the constant term comes from the critical value of certain scalar potential.
We use the results in Ref. [98], The domain wall solution preserving the 4-dimensional
general covariance takes the form given in Eq. (53). Further, near the boundary r → 0, there
must exist ĝµνν(x, r)→ gµν(x), φ̂(x, r)→ 0 4. Based on these requirements, the gravitational
fields near the boundary should have the following expansion in the radial coordinate,
ĝµν(x, r) = g(0)µν(x) + g(2)µν(x)
r2
l2
+
(
r2
l2
)2 g(4)µν + h1(4)µν ln r2
l2
+ h2(4)µν
(
ln
r2
l2
)2+ · · · . (164)
Substituting this expansion into the Einstein equation (121) with the cosmological constant
furnished by the value of the scalar potential at the critical point φ̂ = 0, one can determine
the coefficients g(2k)µν ’s and hµν ’s in terms of the leading coefficient g(0)µν(x),
g(2)µν =
l2
2
(
Rµν − 1
6
Rg(0)µν
)
,
h1(4)µν =
l4
8
(
RµλνρR
λρ +
1
6
∇µ∇ρR− 1
2
∇2Rµν − 1
3
RRµν
)
+
l4
32
g(0)µν
(
1
3
∇2R + 1
3
R2 − RλρRλρ
)
,
h2(4)µν = 0,
g(4)µν =
1
4
(
g(2)
)2
µν
,
∇νg(4)µν = ∇ν
{
−1
8
[
Trg2(2) −
(
Trg(2)
)2]
g(0)µν +
1
2
(
g2(2)
)
µν
− 1
4
g(2)µνTrg(2)
}
. (165)
In above equation, Rµνλρ, Rµν and R are the Riemannian curvature, Ricci tensor and scalar
curvature defined with respect to g(0)µν .
However, when one substitutes above solution into the classical action of the bulk gauged
supergravity, the on-shell action is divergent near the AdS5 boundary. So one has to intro-
duce a cut-off ǫ to perform IR regularization, that is,taking the integral in radial coordinate
to a finite domain by choosing r = ǫ > 0,
Sreg =
1
8πG(5)
∫
r=ǫ>0
∫
d5X
√
−ĝ
(
−1
2
R̂ − P [φ̂0 = 0]
)
=
l5
8πG(5)
∫
ǫ
dr
r5
∫
d4x
√
ĝ(x, r)
2
3
P [φ̂ = 0]
= − l
5
8πG(5)
∫
ǫ
dr
r5
∫
d4x
√
ĝ(x, r)
4
3
Λ =
l3
πG(5)
∫
ǫ
dr
r5
∫
d4x
√
ĝ(x, r)
4Precisely speaking, the bulk scalar field should satisfy the Dirichlet boundary condition, φ(x, r)→
r(4−∆)/2 as r→ 0, ∆ being the scale dimension of the composite operator in supersymmetric gauge
theory coupled with φ(x), the boundary value of φ̂(x, r)
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=
l3
πG(5)
∫
d4x
√
g0(x)
∫
ǫ
dr
r5
{
1 +
r2
2l2
Trg(2) +
r4
4l4
[(
Trg(2)
)2 − Trg2(2)]+ · · ·
}
=
l3
πG(5)
∫
d4x
√
g(0)
[
− 1
4ǫ4
− 1
12ǫ2
R− 1
16
ln
ǫ
l
(
RµνR
µν − 1
3
R2
)
+ Lfinite
]
= Sǫ−4 + Sǫ−2 + Sln ǫ + Sfinite. (166)
In deriving above result, we have used the Einstein equation (121) at the critical point of
the scalar potential φ̂0 = 0, the identification Λ = −2P [φ = 0] = −6/l2 and the matrix
operation √
det(1 + A) = exp
[
1
2
Tr ln (1 + A)
]
= exp
[
1
2
Tr
(
A− 1
2
A2 + · · ·
)]
= 1 +
1
2
TrA +
1
4
[
(TrA)2 − TrA2
]
+ · · · , (167)
Lfinite consists of the terms that survive ǫ→0 limit.
To make the on-shell action action well defined, one must first define a subtracted action
by introducing the counterterms to cancel the IR divergence in the limit ǫ→ 0,
Ssub[g(0)µν , ǫ, · · ·] = Sreg + Scounter (168)
A holographically renormalized on-shell action for the five-dimensional gauged supergravity
is obtained after the IR regulator is removed,
Sren[g(0)µν , · · ·] = lim
ǫ→0
Ssub[g(0)µν , ǫ, · · ·] (169)
In adding counterterms there appears a finite ambiguity similar to that when canceling the
UV divergence in a perturbative quantum field theory. This ambiguity can be fixed by
the symmetry requirement. As is explicitly shown in Ref. [25], the bulk diffeomorphism
symmetry
δĝαβ = ∇̂αξ̂β + ∇̂β ξ̂α (170)
preserving the form of domain wall solution (53) should take the following form,
δĝµν(x, r) = 2σ(x)
(
1− 1
2
r∂r
)
ĝµν(x, r) +
[
∇̂µξ̂ν(x, r) + ∇̂ν ξ̂µ(x, r)
]
, (171)
where σ(x) = l2ξ5(x)/(2r
2) and the covariant derivative ∇̂µ is defined with respect to
ĝµν(x, r). Eq. (171) means that the bulk diffeomorphism transformation decomposes into
a Weyl transformation and a diffeormorphism transformation on ĝµν(x, r). Near the AdS5
boundary r → 0, from Eq. (164) and the series expansion for the Killing spinor,
ξ̂µ(x, r) =
∞∑
n=1
ξµ(n)(x)
(
r2
l2
)n
, (172)
we can see that the 5-dimensional bulk diffeomorphism symmetry reduces to the Weyl- and
the diffeomorphism symmetries on AdS5 boundary,
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δg(0)µν = ∇µξν(x) +∇νξµ, (173)
δg(0)µν = 2σ(x)g(0)µν . (174)
Requiring the four-dimensional diffeomorphism symmetry (173) preserved in the subtrac-
tion process, one can only introduce the following counterterm in the sense of “minimal
subtraction” 5,
Scount =
l3
πG(5)
∫
d4x
√
−g(0)
[
1
4ǫ4
+
1
12ǫ2
R +
1
16
(
RµνR
µν − 1
3
R2
)
ln
ǫ
l
]
. (175)
Consequently, we have
Sren =
l3
πG(5)
∫
d4x
√
−g(0)Lfinite = ΓSYM[g(0)µν〈T µν〉, · · ·]. (176)
One can directly calculate the variation of the renormalized on-shell action under the
Weyl transformation (174) to extract out the Weyl anomaly. However, the most convenient
way is choosing the Weyl transformation parameter σ(x) as a constant σ and using the
scale symmetry of the regularized action (166). In this way, the Weyl anomaly in the
renormalized on-shell action can be equivalently obtained from the scale transformation of
the counterterms. The IR regularized action (166) is invariant under the combination of
scale transformations, δg(0)µν = 2σg(0)µν , δǫ = 2σǫ [5],
(δg0 + δǫ)Sreg = (δg0 + δǫ) (Sǫ−4 + Sǫ−2 + Sln ǫ + Sfinite) = 0. (177)
It can be directly checked that [5]
δg0 (Sǫ−4 + Sǫ−2) = 0, δǫ (Sǫ−4 + Sǫ−2) = 0, δg0Sln ǫ = 0, δǫSfinite = 0. (178)
This leads to
δg0Sfinite =
∫
d4x
√
−g(0)〈T µµ〉σ = −δǫSln ǫ
=
l3
8πG(5)
∫
d4x
√
−g(0)
(
RµνR
µν − 1
3
R2
)
σ, (179)
and yields the Weyl anomaly [5,98],
〈T µµ〉 =
N2
4π2
(
RµνR
µν − 1
3
R2
)
. (180)
δσSren = −
∫
d4x
√
−g(0)〈T µµ〉σ. (181)
gives the Weyl anomaly in the gravitational background,
5The geometric meaning of the counterterm becomes much clearer if it is expressed in terms of
the induced metric on the boundary gµν(x) = limǫ→0 ĝµν(x, ǫ)/ǫ [97].
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A = 〈T µµ〉 =
N2
4π2
(
RµνR
µν − 1
3
R2
)
. (182)
It can be further rewritten as the combination of the A- and B-type anomalies up to the
coefficients, i.e, the sum of the Euler number and the square of Weyl tensor [5,90],
〈T µµ〉 = −
N2
π2
(E4 +W4) ,
E4 =
1
8
R˜µνλρR˜
µνλρ =
1
8
(
RµνλρRµνλρ − 4RµνRνν +R2
)
,
W4 = −1
8
CµνλρC
µνλρ = −1
8
(
RµνλρRµνλρ − 2RµνRµν + 1
3
R2
)
. (183)
It is exactly the trace anomaly of N = 4 supersymmetric Yang-Mills theory in the external
gravitational field at the leading order of the large-N expansion [5].
There are also contribution to Weyl anomaly from scalar- and gauge fields, which can
be obtained in the same way as the gravitational field.
The holographic Weyl anomalies for N = 1, 2 supersymmetric Yang-Mills theory take
the same forms as that in Eqs. (182) and (183), only the anomaly coefficients are different
due to different particle contents in the corresponding supersymmetric gauge theories.
D. Holographic Super-Weyl Anomaly of Supersymmetry Current
The arising of holographic super-Weyl anomaly is due to the universal feature of a su-
persymmetric field theory. The supersymmetric variation of the Lagrangian of the gauged
supergravity should be composed of the total derivative terms. This terms cannot be naively
ignored due to the non-emptiness of AdS5 boundary. As shown in Sect. III, the bulk super-
symmetry transformations for the on-shell fields near the AdS5 boundary convert into the
four-dimensional supersymmetric transformation and the super-Weyl transformation. When
we take those total derivative terms yielded from the supersymmetric variation of on-shell
action of gauged supergravity to the AdS5 boundary, the surface terms may be IR diver-
gent since the on-shell action has IR divergence due to the large AdS5 boundary. Like
in calculating the holographic Weyl anomaly, the holographic renormalization procedure is
needed to make the surface term behave well. This will make either the four-dimensional
Poincare´ supersymmetry or the super-Weyl symmetry on AdS5 boundary violated. Usually
the Poincare´ supersymmetry should be preserved, the surface term thus gives the super-Weyl
anomaly (the γ-trace anomaly). In the following we take N = 2 U(1) gauged supergravity
(55) as illustrating example and show how the holographic super-Weyl anomaly of N = 1
supersymmetric gauge theory arises.
The concrete calculation on supersymmetry variation of the N = 2 U(1) gauged super-
gravity (55) was given in Ref. [26]. Here we list the main results.
First, the supersymmetric variation of the Einstein-Hilbert action and cosmological term
gives
δSGR = δ
∫
d5xê
(
−1
2
R̂ − 6
l2
)
=
∫
d5xê
[
−1
2
ǫ̂
a
γ̂mψ̂
α
a
(
R̂ mα −
1
2
ê mα R̂−
6
l2
ê mα
)
− ∇̂α
(
ê αm ê
β
n δω̂
mn
β
)]
. (184)
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In above equation the inertial coordinate system is usually chosen so that the surface term
is quadratic in fermionic fields and the supersymmetry transformation parameter.
The variation of the pure gauge field terms (including Chern-Simons term) gives
δSGAU =
∫
d5xδ
[
ê
(
−3l
2
32
)
F̂αβF̂
αβ − l
3
64
iǫαβγδσF̂αβF̂γδÂσ
]
=
∫
d5x
{
ê
[
−3l
2
64
ǫ̂
a
γ̂αψ̂αaF̂βδF̂
βδ +
3il
8
∇̂α
(
F̂ αβ ǫ̂
a
ψ̂βa
)
− 3il
8
(
∇̂αF̂ αβ
)
ǫ̂
a
ψ̂βa
]
−3l
2
32
ǫαβγδσ
[
2
3
∇̂α
(
ÂσF̂γδ ǫ̂
a
ψ̂βa
)
+
1
2
F̂αβF̂γδ ǫ̂
a
ψ̂σa
]}
. (185)
The supersymmtric variations of the terms concerning gravitino is quite lengthy. We
first calculate the variation of the kinetic terms for gravitino,
δSKF = δ
∫
d5x
[
−1
2
êψ̂
a
αê
α
m ê
β
n ê
δ
p γ̂
mnp
(
∇̂βψ̂δa − 3
4
Âβδabψ̂
b
δ
)]
=
∫
d5x
(
−1
2
)
ê
{[
∇̂αǫ̂a + 3
4
Âαδ
abǫ̂b − il
16
ǫ̂
a
(
γ̂ δσα + 4δ
δ
α γ̂
σ
)
F̂δσ − i
2l
δabǫ̂bγ̂α
]
×γ̂αβγ
(
∇̂βψ̂γa − 3
4
Âβδacψ̂
c
γ
)
+ψ̂
a
αγ̂
αβδ∇̂β
[
∇̂δ ǫ̂a − 3
4
Âδδabǫ̂
j +
il
16
(γ̂ γσδ − 4δ γδ γ̂σ) ǫ̂aF̂γσ +
i
2l
γ̂δδacǫ̂
c
]
−3
4
δabψ̂
a
αγ̂
αβδÂβ
[
∇̂δ ǫ̂b + 3
4
Âδδ
bcǫ̂c +
il
16
(γ̂ γσδ − 4δ γδ γ̂σ) ǫ̂bF̂γσ −
i
2l
γ̂δδ
bcǫ̂c
]
+ · · ·}
=
∫
d5xê
[
∇̂α
(
ǫ̂
a
γ̂αβδ∇̂βψ̂δa
)
+
(
R̂ βα −
1
2
R̂δ βα
)
ǫ̂
a
γ̂αψ̂βa
−3
4
∇̂α
(
δabÂβ ǫ̂aγ̂
αβδψ̂δb
)
+
3
4
ǫ̂
a
γ̂αβδψ̂bαδabF̂βδ
+
il
16
∇̂α
(
F̂γσ ǫ̂
a
γ̂ γσδ γ̂
αβδψ̂βa
)
− il
8
F̂γσ ǫ̂
a
γ̂βδγσ
(
∇̂βψ̂δ
)
a
+
3il
4
F̂ αβ ǫ̂
a
(
∇̂αψ̂β
)
a
+
3il
32
F̂γσÂαδabǫ̂
a
γ̂αβγσψ̂bβ −
9il
16
δabF̂
αβÂαǫ̂
a
ψ̂bβ
+
il
4
∇̂α
(
ǫ̂
a
γ̂σγ̂αβδψ̂aβF̂ρσ
)
+
il
2
F̂αγ ǫ̂
a
γ̂αβδγ
(
∇̂βψ̂δ
)
a
− 3il
8
F̂αγAβδabǫ̂
a
γ̂αβδγ ψ̂bδ
+
3i
2l
∇̂α
(
ǫ̂
a
γ̂αβψ̂bβ
)
− 3i
l
δabǫ̂
a
γ̂αβ∇̂αψ̂bβ −
9i
4l
Âαǫ̂
a
γ̂αβψ̂βa
]
. (186)
Note that in above and the following calculations, we take into account only the terms which
are at most quadratic in terms of the fermionic quantities.
Further, the supersymmetric variation of the gravitino mass-like term is
δSGM = δ
[
3i
4l
∫
d4xêψ̂
a
αγ̂
αβψ̂bβδab
]
=
3i
4l
∫
d5xê
{[
∇̂αǫ̂a + 3
4
Âαδ
acǫ̂c − il
16
ǫ̂
a
(γ̂ τσα + 4δ
τ
α γ̂
σ) F̂τσ − i
2l
δacǫ̂cγ̂α
]
γ̂αβψ̂bβ
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+ψ̂
a
αγ̂
αβ
[
∇̂β ǫ̂b + 3
4
Âβδ
bdǫ̂d +
il
16
(
γ̂ τσβ − 4δ τν γ̂σ
)
ǫ̂bF̂τσ − i
2l
γ̂βδ
bdǫ̂d
]}
δab
=
∫
d5xê
[
3i
2l
(
∇̂αǫ̂a
)
γ̂αβψ̂bβδab −
9i
8
Âαǫ̂
a
γ̂αβψ̂βa
+
3
16
δabF̂
αβǫaγ̂αψ̂
b
β −
3
16
δabF̂αβ ǫ̂
a
γ̂αβδψ̂bδ −
3
l2
ǫ̂
a
γ̂αψ̂αa
]
(187)
Finally, the supersymmetric variation of the interaction terms of the gravitino and gravipho-
ton produces
δSGG = δ
∫
d5xê
(
−3il
32
)(
ψ̂
a
αγ̂
αβγδψ̂βaF̂γδ + 2ψ̂
a
αψ̂
β
a F̂
αβ
)
= −3il
32
∫
d5xê
{
F̂γδ
([
∇̂αǫ̂a + 3
4
Âαδ
acǫ̂c − il
16
ǫ̂
a
(γ̂ τσα + 4δ
τ
α γ̂
σ) F̂τσ − i
2l
δacǫ̂cγ̂α
]
γ̂αβγδψ̂βa
+ψ̂
a
αγ̂
αβγδ
[
∇̂δ ǫ̂a − 3
4
Âδδabǫ̂
b +
il
16
(γ̂ τσδ − 4δ τδ γ̂σ) ǫ̂aF̂τσ +
i
2l
γ̂δδabǫ̂
b
])
+2F̂ αβ
([
∇̂αǫ̂a + 3
4
Âαδ
acǫ̂c − il
16
ǫ̂
a
(γ̂ γσα + 4δ
γ
α γ̂
σ) F̂γσ − i
2l
δacǫ̂cγ̂α
]
ψ̂βa
+ψ̂
a
α
[
∇̂β ǫ̂a − 3
4
Âβδabǫ̂
b +
il
16
(
γ̂ γσβ − 4δ γν γ̂σ
)
ǫ̂aF̂γσ +
i
2l
γ̂βδacǫ̂
c
])
+ · · ·}
=
∫
d5xê
[
−3il
8
(
∇̂αǫ̂
)a
ψ̂βaF̂
αβ − 9il
32
δabÂαF̂
αβ ǫ̂aψ̂βb
−3il
16
(
∇̂αǫ̂
)a
γ̂αβγδψ̂βaF̂γδ − 9il
64
ÂαF̂γδδ
abǫ̂aγ̂
αβγδψ̂βb
+
3l2
64
F̂ αβF̂αβ ǫ̂
a
γ̂δψ̂δa +
3l2
64
ê−1ǫαβγδσF̂αβF̂γδ ǫ̂
a
ψ̂σa
+
3l2
32
ǫ̂
a
γ̂δψ̂βaF̂
βγF̂γδ − 3l
2
32
ǫ̂
a
γ̂δψ̂βaF̂αδF̂αβ
− 3
16
δabǫ̂aγ̂αψ̂βbF̂
αβ +
3
16
δabǫ̂aγ̂
αβδψ̂αbF̂βδ
]
. (188)
In above calculation, the following definitions and algebraic operations are repeatedly used,
γ̂αβ =
1
2
[γ̂α, γ̂β], γ̂
αβδ = − 1
2!
ê−1 ǫαβδστ γ̂στ ,
γ̂αβδσ = ê−1 ǫαβδστ γ̂τ , γ̂αβδστ = ê ǫαβδστ .
γ̂αβγ̂δσ = ê ǫαβγδσ γ̂
σ − (ĝαδĝβσ − ĝασĝβδ) ,
γ̂αγ̂βδ = γ̂αβδ + ĝαβγ̂δ − ĝαδγ̂β. (189)
ψ̂a = C−1Ωabψ̂
T
b = C
−1ψ̂
aT
, ψ̂
a
= −ψ̂aTC,
ψ̂
a
γ̂α1···αnχ̂a = −ψ̂aTCγ̂α1···αnC−1χ̂Ta
=
 −ψ̂aT γ̂α1···αnχ̂
T
a = χ̂aγ̂α1···αnψ̂
a = −χ̂aγ̂α1···αnψ̂a, n = 0, 1, 4, 5,
ψ̂aT γ̂α1···αnχ̂
T
a = −χ̂aγ̂α1···αnψ̂a = χ̂aγ̂α1···αnψ̂a, n = 2, 3,
. (190)
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γ̂αβδ∇̂β∇̂δχ̂a = 1
2
γ̂αβδ[∇̂β, ∇̂δ]χ̂a = 1
8
γ̂αβδR̂βδmnγ̂
mnχ̂a
=
1
8
γ̂αβδR̂βδστ γ̂
στ χ̂a =
1
2
γ̂β
(
−R̂ αβ +
1
2
δ αβ R̂
)
χ̂a. (191)
We have also employed the Ricci and Bianchi identities for the Riemannian curvature tensor
and U(1) gauge field strength in five-dimensional curved space-time,
ǫαβγδσR̂τγδσ = 0, ǫ
αβγδσ∇̂βR̂δστκ = 0, ǫαβγδσ∇̂βF̂δσ = 0. (192)
Moreover, due to the nocommutativity between ∇̂α and γ̂α1···αn , we have repeatedly per-
formed the following operations in the calculation,
γ̂α1···αn∇̂α(· · ·) =
[
γ̂α1···αn , ∇̂α
]
(· · ·) + ∇̂α [γ̂α1···αn(· · ·)] . (193)
Specifically, we work in the inertial coordinate system, i.e., the Christoffel symbol Γ̂αβδ =
0. Consequently, the metricity condition gives ∂αê
m
β = 0 and further the modified spin
connection
ω̂αmn =
1
2
ê βm (∂αêβ n − ∂β êαn)−
1
2
ê βn (∂αêβ m − ∂β êαm)−
1
2
ê δm ê
σ
n (∂δ êσ p − ∂σêδ p) ê pα
+
1
4
(
ψ̂
a
αγ̂mψ̂an + ψ̂
a
αγ̂mψ̂a n − ψ̂
a
αγ̂nψ̂am
)
(194)
has only quadratic fermionic terms.
Putting the supersymmetric variations (184) — (188) together, we obtain the total
derivative terms,
δS =
∫
d5xê∇̂α
(
−êαmêβnδω̂ mnβ −
9il
16
ǫ̂
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ψ̂βaF̂
αβ − 1
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ǫ̂
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γ̂αβδ∇̂βψ̂δa + 3
8
ǫ̂
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γ̂αβδψ̂bδδabÂβ
−3il
32
ǫ̂
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γ̂αβδσψ̂βaF̂δσ +
9
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ǫ̂
a
γ̂αβψ̂bβδab +
l2
32
ê−1ǫαβγδσ ǫ̂
a
ψ̂σÂβF̂γδ
)
=
∫
d4x
∫
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ê
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−êαmêβnδω̂ mnβ −
9il
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ǫ̂
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ψ̂βaF̂
αβ − 1
2
ǫ̂
a
γ̂αβδ∇̂βψ̂δa + 3
8
ǫ̂
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γ̂αβδψ̂bδδabÂβ
−3il
32
ǫ̂
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γ̂αβδσψ̂βaF̂δσ +
9
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γ̂αβψ̂bβδab +
l2
32
ê−1ǫαβγδσ ǫ̂
a
ψ̂σÂβF̂γδ
)]
. (195)
In the following we take these total derivative terms near AdS5 boundary. Substituting
the asymptotical forms listed in (60) – (71) of on-shell fields and supersymmetry transforma-
tion parameters as well as γ̂-matrices into (195), one can see that the above supersymmetry
variation is IR divergent due to the infinite AdS5 boundary (r → 0). Therefore, as the case
of evaluating Weyl anomaly, we must perform holographic renormalization: integrating over
the radial coordinate to the cut-off r = ǫ > 0, introducing the counterterm and then taking
the limit ǫ→ 0 to remove the regulator. The finite ambiguity in adding the counter term is
fixed by the four-dimensional Poincare´ supersymmetry. During this process the super-Weyl
symmetry is violated and the corresponding super-Weyl anomaly arises. But we can use a
shortcut to extract out this super-Weyl anomaly. We use the induced metric
53
gµν(x) =
l2
ǫ2
ĝµν(x, ǫ)
∣∣∣∣∣
ǫ→0
(196)
on AdS5 boundary rather than gµν(x, ǫ) [5,98]. In this way we can directly take the
ǫ → 0 limit and find that the non-vanishing contribution comes only from the term
ê−1ǫαβδστ ǫ̂
a
γ̂τ ψ̂β aF̂δσ. We obtain [26]
δS =
3il3
8× 32πG(5)
∫
d4xǫµνλρFνληγρχµ, (197)
where χµ is the Majorana spinor constructed from the left-handed spinor χ
L
µ given in (70).
The non-vanishing term in Eq. (197) definitely gives the holographic super-Weyl anomaly
since it is proportional to the confromal supersymmetry transformation parameter η. Sub-
stituting the explicit form (70) of χµ into (197), we have
δS =
∫
d4xηγµsµ
= − l
3
8× 16πG(5)
∫
d4x
[
F µνDµψν + ǫ
µνλργ5FµνDλψρ +
1
2
σµνFνλ
(
Dµψ
λ −Dλψµ
)]
, (198)
where the γ-matrix algebraic relations are used, γµγν = gµν − iγµν , γ5γµν = iǫµνλργλρ/2.
Eq. (intermerela) gives the gauge field part of the super-Weyl anomaly of N = 1 SU(N)
supersymmetric gauge theory at the leading-order of large-N expansion,
γµsµ =
N2
64π2
[
F µνDµψν + ǫ
µνλργ5FµνDλψρ +
1
2
σµνFνλ
(
Dµψ
λ −Dλψµ
)]
. (199)
The super-Weyl anomaly of N = 2(4) supersymmetric gauge field theory in external
conformal superconformal supergravity background should be derived from on-shell action
of N = 4(8) SU(2) × U(1) (SO(6)) gauged supergravity near AdS5 vacuum configuration
in a similar way, but the concrete calculation on the supersymmetry variation is extremely
complicated.
E. Concluding Remarks on Holographic Superconformal Anomaly
We have shown how the superconformal anomaly multiplet of a supersymmetric gauge
theory in a classical conformal supergravity background can be reproduced from on-shell
gauged supergravity via the AdS/CFT correspondence. It is amazing that these three dis-
tinct anomalies can be extracted out in the framework of a five-dimensional gauged super-
gravity. However, only partial results listed in Eq. (10) are reproduced from gauged super-
gravity. For example, Eqs. (160) and (199) show that only the gauged field part of chiral- and
super-Weyl anomalies arise holographically from gauged supergravity 6. The reason for the
6The holographic chiral R-symmetry anomaly in N = 4 SYM receives no contribution from
gravitational background due to its its nice field content [29]. Thus the gauge field CS term is
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failure of revealing this gravitational part is that the five-dimensional gauged supergravity
(or the type IIB supergravity in AdS5 ×X5 background) is only the lowest approximation
to the type IIB superstring theory in AdS5 ×X5 background. Thus it is possible that the
gravitational part cannot be revealed within the five-dimensional gauged supergravity itself,
and one must consider the higher-order gravitational action such as the Gauss-Bonnet term
generated from the superstring theory [27]. It was found that in Ref. [28] that for an N = 2
USp(2N) supersymmetric gauge theory coupled to two hypermultiplets in the fundamental
and antisymmetric tensor representations of the gauge group, the gravitational background
part of its holographic chiral R-symmetry anomaly does come from a mixed CS term in a
gauged supergravity with higher order gravitational correction. Specifically, this CS term
originates from the compactification on S3 of the Wess-Zumino term describing the inter-
action of the R-R 4-form field with eight D7-branes and one orientifold 7-plane system in
type IIB superstring. In particular, this gravitational background term is at the subleading
N order rather than the leading N2 order in the large-N expansion.
Finally, it should be pointed out that the essence of the holographic anomaly is the
anomaly inflow from the bulk theory to the AdS5 boundary [30].
V. INTERNAL SUPERCONFORMAL ANOMALY FROM D-BRANE DYNAMICS
AND REFECTION IN BRANE SOLUTION OF TYPE II SUPERGRAVITY
A. Fractional Brane as the Origin of Internal Superconformal Anomaly in
Low-energy Brane Dynamics
In this section, we shall try to understand the gravity dual of the internal superconformal
anomaly. As stated in Sect. II, this type of superconformal anomaly originates from the
dynamics of supersymmetric gauge theory itself. It has nothing to do with the external
background field and and its coefficient is proportional to the beta function of the theory.
Therefore, the gravity dual of this type of superconformal anomaly should have no holo-
graphic meaning and we should go to the string origin of a supersymmetric gauge theory to
look for its gravity dual.
As stated in Introduction, a supersymmetric theory can be obtained through D-brane
engineering in weakly coupled type-II superstring, i.e., placing a stack of D3-branes (maybe
several types ofD-branes) in a background space-time [33] Thus any dynamical phenomenon
like the anomaly of a supersymmetric gauge theory should originate from certain brane
configuration setting-up. We will see that the internal superconformal conformal anomaly
actually relates to the fractional D-brane fixed at the singularity of a singular background
space-time. On the other hand, in strong coupled type II superstring theory, Dp-branes
appear as a p-brane solutions to type II supergravity, i.e., space-time background to type
fully responsible for the holographic origin of the chiral R-symmetry anomaly. This also explains
the absence of the RµνλρR
µνλρ term in the holographic Weyl anomaly of N = 4 SYM found in
Ref. [5]. For N = 1, 2 supersymmetric gauge theories the gravitational background part should
holographically arise from the supergravity side.
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II superstring or type II supergravity. Therefore, we can observe how the existence of D-
branes modify the space-time background and further investigate how this modification affect
the supergravity in this space-time background to find the dual description to the internal
superconformal anomaly. In the following we shall reveal how the internal superconformal
anomaly is embodied in the construction of a D-brane configuration.
Since a Dp-brane is characterized by open strings ending on it. The low-energy dynamics
of a Dp-brane system describes the dynamical behavior of open string modes trapped on
world-volume of Dp-branes and their interaction with bulk supergravity. The corresponding
effective action consists of two parts. One is the Dirac-Born-Infeld (DBI) action (in Einstein
framework) and it describes the interaction between Dp-branes and NS-NS fields of type II
superstring,
SDBI = −τp
∫
Vp+1
dp+1xe(p−3)φ/4Tr
√
− det [gµν + e−φ/2 (Bµν + 2πα′Fµν)].
µ, ν = 0, · · · , p; (200)
The other one represents the interaction of Dp-branes with R-R fields described by the
toplogical Wess-Zumino (WZ) term,
SWZ = µp
∫
Vp+1
[
C ∧ Tr
(
eB+2πα
′F
)]
p+1
. (201)
In above equations, the parameters τp and µp are the tension and R-R charge of a Dp-brane.
which are actually equal because of the BPS-saturation property of a Dp-brane,
τp = µp =
Tp
κ10
=
1
(2π)pα′(1+p)/2
, Tp =
√
π
(
2π
√
α′
)3−p
; (202)
The gravitational coupling κ10 is related to the ten-dimensional Newtonian constant GN(10)
derived from closed string, 2κ210 = 16πGN(10) = (2π)
7g2sα
′4. Fµν is the strength of gauge
field living on Dp-brane world-volume; Gµν , Bµν and Cµ1µ2···µn are the pull-backs of ten-
dimensional bulk metricGMN , the antisymmetric NS-NS fieldB(2)MN and R-R fields CM1···Mn
to the p+ 1-dimensional world-volume,
gµν = GMN∂µX
M∂νX
N , Bµν = BMN∂µX
M∂νX
N ,
Cµ1µ2···µn = CM1M2···Mn∂µ1X
M1∂µ2X
M2 · · ·∂µnXMn, n ≤ p+ 1; (203)
Finally, the trace operation takes over certain representation of gauge group.
Now let us see how the superconformal anomaly is covered in the D-brane configuration.
First, when the transverse space like conifold or orbifold has singularity, the closed string
states consist of both the untwisted and twisted sectors [101]. The fractional Dp-branes
frozen at the singular point of transverse space are identical to the D(p+2)-branes wrapped
on two-cycle C2 like S2 and the singular point can be considered as a vanishing two-cycle 7.
The fields corresponding to the twisted string states emitted by fractional Dp-branes should
7A roughly explanation is the following [102]: the fixed point in orbifold R4/Γ for Γ = Z2 or Z2×Z2
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locate at the singular point of target space-time. Based on the viewpoint that a Dp-brane
is considered as a wrapped D(p+2)-brane, the twisted fields decompose into two parts, one
part living on the p+ 1-dimensional world-volume of fractional Dp-brane, and the other on
the blow-up of the vanishing two-cycle C2,
Vp+3 = Vp+1 × C2, B(2) = b(x)ω2, C(p+3) = C(p+1) ∧ ω2. (204)
In above equation ω2 is the differential two-form defined on the blow-up of the vanishing
2-cycle, the twisted scalar field b(x) and the pull-back cµ1···µp+1 of R-R antisymmetric tensor
fields live on the p + 1-dimensional world-volume of Dp-branes. Substituting the fields in
(204) into the DBI action (200) and WZ term (201) and expanding them to the quadratic
terms of the gauge field strength, we obtain
SDBI + SWZ
= −τp+2
∫
Vp+1
dp+1x e(p−3)φ/4Tr
√
− det (gµν + 2πα′e−φ/2Fµν)
∫
C2
B(2)
+µp+2
[∫
Vp+1
C(p+1)
∫
C2
C(2) +
1
2
(2πα′)2
∫
Vp+1
C(p−3) ∧ Tr (F ∧ F )
∫
C2
C(2)
+
∫
Vp+1
C(p+1)
∫
C2
B(2) +
1
2
(2πα′)2
∫
Vp+1
C(p−3) ∧ Tr (F ∧ F )
∫
C2
B(2) + · · ·
]
= Sbrane−bulk + Sgauge, (205)
where Sbrane−bulk is the action describing the interaction of fractional Dp-brane with bulk
fields and Sgauge gives the gauge field action on the world-volume of the Dp-brane,
Sbrane−bulk = −τp
∫
Vp+1
dp+1x e(p−3)φ/4
√−g 1
(2π
√
α′)2
∫
C2
B(2)
+µp
[∫
Vp+1
C(p+1)
1
(2π
√
α′)2
∫
C2
C(2) +
∫
Vp+1
C(p+1)
1
(2π
√
α′)2
∫
C2
B(2)
]
+ · · · ;
Sgauge = −α′τp
∫
Vp+1
dp+1x e(p−3)φ/4
√−g
[
−1
4
Tr
(
F λρFλρ
)]
e−φ
∫
C2
B(2)
+
1
2
α′µp
[∫
Vp+1
Tr (F ∧ F ) ∧ C(p−3)
(∫
C2
C(2) +
∫
C2
B(2)
)]
+ · · · ,
µ, ν = 0, · · · , p; α, β = 0, · · · , p, a, b; (206)
where a, b = 1, 2 are the indices on the vanishing 2-cycle C2. Note that in Eqs. (205) and
(206) we choose XI=Constant (I = p + 1, · · · , 9) for the convenience of discussion, and
and the apex of conifold with base T 1,1 = S5/Z2 are singular limits of ALE spaces. Usually an
ALE space contains compact 2-cycles, which shrinks to zero size at the fixed point of orbifold.
Specifically, the McKay correspondence theorem states that the simple root αI of simply-laced Lie
algebra has one-to-one correspondence with a 2-cycle in any ALE space and that especially the
root corresponds to an irreducible representation of Γ. On the other hand, the fractional brane, as
a boundary state of closed string theory, constitutes an irreducible of Γ. Therefore, a connection
between the fractional brane and a vanishing 2-cycle can be established.
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hence the pull-back GIJ to world volume vanishes. Recalling the relation between the gauge
couplings and string couplings,
4iπ
g2YM
+
θ(CP)
2π
= ie−φ +
C(0)
2π
, (207)
and comparing Eq. (206) (in the case of p = 3) with Eqs. (11)–(13) we can see that it is the
NS-NS- and R-R two-form fluxes
∫
C2
B(2),
∫
C2
C(2) carried by fractional branes through the
shrunken 2-cycle that have created the running of gauge coupling and the shift of θ-angle
and consequently lead to the internal superconformal anomaly of a supersymmetric gauge
theory. Therefore, we conclude that the fractional branes frozen at the singular point of
background space-time is the origin of superconformal anomaly of a supersymmetric gauge
theory in brane configuration.
This observation can be made more explicitly and quantitatively by the brane probe
technique [102,103].
A concrete example is aD3-brane configuration in type IIB superstring theory. It consists
of N D3-branes andM fractional D3-branes in a target space-time M4×C6. C6 is a conifold
with base T 1,1 = [SU(2) × SU(2)]/U(1), which is a Calabi-Yau threefold and has SU(3)
holonomy. The apex of C6 is a singular point in background space-time. Therefore, one
can put not only a stack of N D3-branes moving freely in the transverse space, but also
a stack of M fractional D3-branes fixed at the singularity. All these D3-branes extend in
four-dimensional Minkowski space-time M4. Topologically T 1,1 ∼ S2 × S3, those fractional
D3-branes can be considered as D5-branes wrapped around the vanished two-cycle S2 at
the apex of C6. The supersymmetric gauge theory coming from this brane configuration is
just the N = 1 SU(N +M)×SU(N) supersymmetric gauge theory with two flavors matter
chiral superfields in the bifundamental representations (N +M,N) and (N,N +M). The
superconformal anomaly multiplet listed in Eqs. (36), (39) and (40) shows that the anomaly
coefficient is indeed proportionalM , the number of D3-fractional branes. This confirms that
the fractional brane is origin of the internal superconformal anomaly in brane engineering.
B. Modification on Brane Solution to Type Supergravity and Symmetry Breaking by
Fractional Brane
1. Deformation on AdS5 × T 1,1 Background by Fractional D3-branes
Since in the strongly coupled type II superstring theory, a stack of Dp-branes behaves as
a p-brane solution to type supergravity, the existence of fractional branes in brane configu-
ration definitely modifies the p-brane solution produced by bulk Dp-branes. In the following
we still take above example in type IIB superstring — the N D3-branes and M fractional
D3-branes in the space-time background M4 × C6 — to expound how the fractional D3-
branes modify three-brane solutions of type IIB supergravity and hence give rise to the
symmetry breaking in the geometric background described by three-brane solution.
We first consider the case without fractional D3-branes, i.e, the case of M = 0. The
three-brane solution to type IIB supergravity takes the following form,
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ds2 = H−1/2(r)ηµνdx
µdxν +H1/2(r)
(
dr2 + r2ds2T 1,1
)
,
F(5) = F(5) + F˜(5),
F(5) = 1
4
πα′2Ng1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 = 1
2
πα′2Nω2 ∧ ω3,
H(r) = 1 +
L4
r4
, L4 =
27πgsN(α
′)2
4
,
ds2T 1,1 =
1
9
(σ3˜ + σ3̂)2 +
1
6
2∑
1˜=1
(σ i˜)2 +
1
6
2∑
î=1
(σ î)2
=
1
9
(g5)2 +
1
6
4∑
m=1
(gm)2,
ω2 =
1
2
(
g1 ∧ g2 + g3 ∧ g4
)
=
1
2
(sin θ1dθ1 ∧ dφ1 − sin θ2dθ2 ∧ dφ2) ,
ω3 = g
5 ∧ ω2,∫
S2
ω2 = 4π,
∫
S3
ω3 = 8π
2. (208)
In above equations, the basis gm are one-form basis on T 1,1,
g1 ≡ σ
1˜ − σ1̂√
2
, g2 ≡ σ
2˜ − σ2̂√
2
, g3 ≡ σ
1˜ + σ1̂√
2
,
g4 ≡ σ
2˜ + σ2̂√
2
, g5 ≡ σ3˜ + σ3̂, (209)
and
σ1˜ ≡ sin θ1dφ1, σ1̂≡ cos 2β sin θ2dφ2 − sin 2βdθ2,
σ2˜ ≡ dθ1, σ2̂≡ sin 2β sin θ2dφ2 + cos 2βdθ2,
σ3˜ ≡ cos θ1dφ1, σ3̂ ≡ 2dβ + cos θ2dφ2. (210)
All other fields in this solution vanish. Near the horizon limit r → 0, Eq. (208) yields
ds210 =
r2
L2
ηµνdx
µdxν +
L2
r2
dr2 + L2ds2T 1,1 ,
F(5) = F(5) + ⋆F(5)
=
r3
gsL4
dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dr + L
4
27gs
g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5,
L2 =
3
√
3πgsNα
′
2
. (211)
It is exactly theAdS5×T 1,1 space-time background for type IIB superstring. This leads to the
correspondence between type IIB supersting in AdS5×T 1,1 background and N = 1 SU(N)×
SU(N) supersymmetric gauge theory with two flavors in bifundamental representations
(N,N) and (N,N) at the fixed point of its renormalization group flow.
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When those M D3 fractional branes are switched on at the apex of the conifold, the
resultant background to type IIB superstring is the celebrated solution to type IIB super-
gravity found by Klebanov and Strassler [49]. This solution is composed of not only the
ten-dimensional space-time metric, the self-dual five-form field strength F̂(5), but also the
NS-NS- and R-R two-forms, B(2) and C(2) living only on T
1,1 ∼ S2 × S3,
ds210 = h
−1/2(τ)dx21,3 + h
1/2(τ)ds26,
F̂(5) = F(5) + F˜(5), F˜(5) = dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dh−1,
B(2) =
gsMα
′
2
[
f(τ)g1 ∧ g2 + k(τ)g3 ∧ g4
]
,
F(3) =
Mα′
2
{
g3 ∧ g4 ∧ g5 + d
[
F (τ)
(
g1 ∧ g3 + g2 ∧ g4
)]}
. (212)
In this solution h(τ) is the warp factor, ds26 is the metric of deformed conifold [49,105],
ds26 =
1
2
(12)1/3K(τ)
{
1
3[K(τ)]3
[
dτ 2 + (g5)2
]
+ sinh2
(
τ
2
) [
(g1)2 + (g2)2
]
+ cosh2
(
τ
2
) [
(g3)2 + (g4)2
]}
,
K(τ) =
(sinh 2τ − 2τ)1/3
21/3 sinh τ
,
F (τ) =
sinh τ − τ
2 sinh τ
,
f(τ) =
τ coth τ − 1
2 sinh τ
(cosh τ − 1),
k(τ) =
τ coth τ − 1
2 sinh τ
(cosh τ + 1),
h(τ) = C(gsM)
2 2
2/3
4
∫ ∞
τ
dx
x coth x− 1
sinh2 x
[sinh(2x)− 2x]1/3 , (213)
C is the normalization constant. In the small τ limit, h(τ → 0)→ (gsM)2, the background
for ten-dimensional type IIB supergravity is approximately the M4×deformed conifold,
ds210
∣∣∣
τ→0
→ (gsM)−1ηµνdxµdxν + gsM
(
1
2
dτ 2 + dΩ23 +
1
4
τ 2[(g1)2 + (g2)2]
)
,
F (τ → 0)→ 0, F(3)
∣∣∣
τ→0
→ Mg3 ∧ g4 ∧ g5,
f(τ → 0)→ 0, k(τ → 0)→ 0, B(2)
∣∣∣
τ→0
→ 0. (214)
Therefore, this solution is non-singular since the apex of the conifold has been resolved by
F(3) fluxes fractional brane [49], which prevents the three-cycle (∼ S3) from shrinking to a
point.
In large-τ case, the radial coordinate τ is relevant to the radial coordinate r as the
following,
r3 ∼ 121/2eτ at large τ. (215)
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Consequently, the solution becomes the Klebanov-Tseytlin (K-T) solution [104],
ds210 = h
−1/2(r)dx21,3 + h
1/2(r)ds26,
ds26 = dr
2 + r2ds2T 1,1 ,
h(r) =
27π(α′)2
4r4
[
gsN +
3
2π
(gsM)
2 ln
(
r
r0
)
+
3
8π
(gsM)
2
]
,
F(3) = dC(2) = c(r)ω3, B(2) = b(r)ω2,
F(5) = Neff(r)ω2 ∧ ω3,
b(r) =
3gsMα
′
2
ln
(
r
r0
)
, c(r) =
Mα′
2
,
Neff(r) = N +
3
2π
gsM
2 ln
(
r
r0
)
, C(2) = Mα
′βω2 (locally). (216)
All other fields vanish. At large τ (or equivalently, large-r limit) the solution shows clearly
that there are M units of R-R three-form fluxes passing through the 3-cycle S3 of T 1,1.
On the field theory side, the N = 1 SU(N +M)×SU(N) supersymmetric gauge theory
with two chiral superfields in the bifundamental representations (N+M,N) and (N +M,N)
is no longer a superconformal field theory. The zero point of its beta function is removed
due to the existence of fractional branes.
In above subsection the origin of superconformal anomaly of the field theory is identified
as the fractional D-branes in brane configuration. Therefore, we see that the K-S solution
(212) furnishes a space-time background for type IIB superstring (or supergravity) and
it can be considered as a deformation on the three-brane solution (208) obtained from
above D3-brane configuration without fractional D3-branes. In the following we analyze
the symmetry breaking reflected in the space-time geometry described by the K-S solution
so that an quantitative investigation on the gravity dual of the superconformal anomaly can
proceed.
2. Breaking of U(1) Rotational Symmetry and Scale Symmetry in Transverse Space by Fractional
Brane
Generally speaking, in a brane configuration, the scale symmetry and chiral R-symmetry
of a supersymmetric gauge theory living on the world-volume of Dp-branes come from the
geometrical scale- and rotation transformation invariance of transverse space,
xI −→ µeiαxI , p+ 1 ≤ I ≤ 10. (217)
The amount of supersymmetries in supersymmetric gauge theory depends on how many
supersymmetries are preserved by such a brane configuration. Since a D-brane configuration
is represented by a brane solution to supergravity, one can thus equivalently analyze the
symmetry in the background geometry described by brane solution to observe the effects of
fractional branes.
Based on this argument, let us observe the manifestation of the scale symmetry and
U(1) ∼= SO(2) rotation symmetry in the K-S solution. First, in the case with no fractional
branes (M = 0). The near-horizon limit of the three-brane solution is AdS5 × T 1,1 listed
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in (211). This solution shows explicitly that the scale symmetry is trivially present in
the transverse space part and the U(1) symmetry is reflected in the invariance under the
following β-angle rotation,
β −→ β + α. (218)
When fractional D3-branes switch on at the apex of C6, the solution (212) shows that
near the horizon r → 0 the metric ceases to be AdS5 × T 1,1. This is because that not only
h(r) and F(5) get additional logarithmic dependence,
h(r) ∼ 1
r4
[
C1 + C2 ln
r
r0
]
,
F̂5 ∼
[
N + C3 ln
r
r0
]
[ω2 ∧ ω3 + ⋆(ω2 ∧ ω3)], (219)
but also the background fields B(2)MN and C(2)MN have been generated by the fractional
brane fluxes. The coefficients Ci (i = 1, 2, 3) in (219) can be extracted out from the solution
(216).
It was analyzed in Ref. [1] that it is the non-invariance of C(2) under the β-angle rotation
that leads to the chiral R-symmetry anomaly in N = 1 supersymmetric SU(N + M) ×
SU(N) gauge theory. A similar analysis can show that it is the non-invariance of B(2)
under scale transformation in transverse space that results in the scale anomaly in N = 1
supersymmetric SU(N+M)×SU(N) gauge theory. Under the scale transformation r → µr,
the B(2) given in Eq. (212) transforms as
B(2) −→ B(2) + 3gsMα
′
2
ω2 lnµ. (220)
The relation between string coupling and gauge couplings of the N = 1 supersymmetric
SU(N +M)× SU(N) gauge theory [49,91] gives
1
g21
+
1
g22
∼ e−φ ∼ 1
gs
,
1
g21
− 1
g22
∼ e−φ
[∫
S2
B(2) − 1
2
]
, (221)
so we have
1
g21
∼ 1
2gs
[∫
S2
B(2) − 1
2
]
,
1
g21
∼ 1
2gs
[
−
∫
S2
B(2) +
3
2
]
. (222)
Comparing Eq. (222) with Eq. (220), one can see that the variation of B(2) under scale
transformation is relevant to β-functions of the SU(N +M) × SU(N) gauge couplings at
the IR fixed point, [49],
d
d(lnµ)
8π2
g21(µ)
∼ 3M, d
d(lnµ)
8π2
g22(µ)
∼ −3M. (223)
Therefore, the scale anomaly coefficients of N = 1 SU(N+M)×SU(M) gauge theory given
in Eq. (39) is reproduced.
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3. Breaking of Supersymmetry by Fractional Brane in Three-brane Solution Background
The supersymmetry breaking produced by fractionalD3-branes can be detected by check-
ing the supersymmetry transformations of fermionic fields Λ and ΨM of type IIB supergravity
in the space-time background described by K-S solutiopn (212) and observing the existence
of Killing spinors. The field content of type IIB supergravity consists of the dilaton field φ,
the metric GMN and the second-rank antisymmetric tensor field B(2)MN from NS-NS sector
and axion field C(0), the two-form potential C(2)MN and four-form potential C(4)MNPQ with
self-dual field strength from R-R sector. The fermionic fields are left-handed complex Weyl
gravitino ΨM and right-handed complex Weyl dilatino Λ, Γ
11ΨM = −ΨM , Γ11Λ = Λ. The
supersymmetry transformation laws for the fermionic fields of type IIB supergravity read
[106],
δΛ =
i
κ10
ΓMǫ⋆PM − i
24
ΓMNP ǫG(3)MNP + fermions relevant terms,
δΨM =
1
κ10
(
DM − 1
2
iQM
)
ǫ+
i
480
ΓPQRSTΓMǫF̂(5)PQRST
+
1
96
(
Γ NPQM G(3)NPQ − 9ΓNPG(3)MNP
)
ǫ⋆ + fermions relevant terms,
M,N, · · · = 0, 1, · · · , 9. (224)
In above equations, the supersymmetry transformation parameter ǫ is a left-handed complex
Weyl spinor, Γ11ǫ = −ǫ, and other quantities are listed as the following,
PM = f
2∂MB, QM = f
2Im (B∂MB
⋆) , B ≡ 1 + iτ
1− iτ ,
f−2 = 1− BB⋆, τ = C(0) + ie−φ,
G(3)MNP = f
(
F̂(3)MNP − BF̂ ⋆(3)MNP
)
,
F̂(3)MNP = 3∂[MA(2)NP ], A(2)MN ≡ C(2)MN + iB(2)MN ,
F̂(5)MNPQR = F(5)MNPQR − κ10
8
× 10 Im
(
A[(2)MN F̂(3)PQR]
)
,
F(5)MNPQR = 5∂[MC(4)NPQR],
DMǫ = ∂M ǫ+
1
4
ω ABM ΓABǫ. (225)
To highlight the effects of fractional branes, we first consider the supersymmetry transfor-
mation in the background without fractional branes and work on the background furnished
by three-brane solution whose near-horizon limit is AdS5 × T 1,1 (211). The supersymmetry
transformations for the fermionic fields in such a background read:
δΛ = 0,
δΨM =
1
κ10
(
∂M +
1
4
ω ABM Γ
AB
)
ǫ+
i
480
ΓPQRSTF(5)PQRSTΓMǫ = 0. (226)
The first equation δΛ = 0 is trivially satisfied. We only need to substitute the background
solution (211) into δΨM = 0 and then solve it to observe whether there exist non-trivial
Killing spinors.
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First, the AdS5 × T 1,1 metric (211) can be rewritten in terms of the velbein,
ds210 = (e
a)2 + (er)2 +
2∑
i˜=1
(V i˜)2 +
2∑
î=1
(V î)2 + (V 3̂)2,
ea =
r
L
δaµdx
µ, er =
L
r
δrrdr,
V 1˜ =
1√
6
Lσ1˜, V 2˜ =
1√
6
Lσ2˜,
V 1̂ =
1√
6
Lσ1̂, V 2̂ =
1√
6
Lσ2̂, V 3̂ =
1
3
L(σ3˜ + σ3̂) (227)
Using the structure equation and torsion-free condition, TA = dEA + ωAB ∧ EB = 0, and
taking into account following identities on T 1,1,
dσ i˜ = −1
2
ǫ˜
i˜jk˜
σj˜ ∧ σk˜, dσ î = 1
2
ǫijkσ
ĵ ∧ σk̂, (228)
we derive spin connections such as ωar = −ωra = ea/L etc.. Then the Killing spinor equation
(226) with the self-dual five-form field given in (211) leads to [105],
ǫ = rΓ⋆/2
[
1 +
Γr
2R2
xµΓµ (1− Γ⋆)
]
ǫ0,
Γ⋆ ≡ iΓx0Γx1Γx2Γx3, Γ2⋆ = 1, (229)
where ǫ0 is an arbitrary constant spinor in ten dimensions but constrained by
Γg1g2ǫ0 = ǫ0, Γg3g4ǫ0 = −ǫ0. (230)
In above equations, for clarity we use the AdS5 × T 1,1 space-time coordinates to label the
components of Γ-matrices. The Killing spinor solution (229) is consistent with the chirality
Γ11ǫ = −ǫ. The constraint (230) on ǫ0 leads to
Γg1g2ǫ = ǫ, Γg3g4ǫ = −ǫ (231)
because Γg1g2 and Γg3g4 commute with Γ⋆ and Γµ, µ = x0, · · · , x3. Eq. (231) means that
the Killing spinor ǫ has only eight independent components. This implies that after the
spontaneous compactification on T 1,1, type IIB supergravity in AdS5 × T 1,1 background
gives rise to N = 2 U(1) gauged AdS5 supergravity coupled with SU(2)×SU(2) Yang-Mills
fields and some Betti tensor multiplets due to non-trivial topology of T 1,1 .
Furthermore, the Killing spinor (229) is actually a formally unified expression for the
following two types of Killing spinors [105,107],
ǫ+ = r
1/2ǫ0+, ǫ− = r
−1/2ǫ0− +
r1/2
L2
Γrx
µΓµǫ0−,
ǫ0± =
1
2
(1± Γ⋆) ǫ0, Γ⋆ǫ0± = ±ǫ0±. (232)
The above equations show that ǫ+ is independent of the coordinates on D3-brane world-
volume and is a right-handed eigenspinor of Γ⋆, i.e., Γ⋆ǫ+ = ǫ+. It thus represents the N = 1
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Poinca´re supersymmetry in a four-dimensional supersymmetric gauge theory. On the other
hand, ǫ− depends on x
µ linearly and is not an eigenspinor of Γ⋆. So it indicates the N = 1
conformal supersymmetry of supersymmetric gauge theory in four dimensions.
When we switch onM fractional branes, the background is described by the K-S solution
(212). The above Killing spinor equations from the supersymmetric transformations on
dilatino and gravitino becomes
δΛ = − i
24
F̂(3)MNPΓ
MNP ǫ = 0,
δΨM =
1
κ
(
∂M +
1
4
ω ABM Γ
AB
)
η +
i
480
ΓPQRSTΓMǫF̂(5)PQRST
+
1
96
(
Γ NPQM F̂(3)NPQ − 9ΓNP F̂(3)MNP
)
ǫ⋆ = 0. (233)
The metric (212) expressed in terms of σ i˜ and σ î takes the following form [105],
ds210 = h
−1/2(τ)ηµνdx
µdxν + h1/2(τ)
1
2
µ4/3K(τ)
{
1
3[K(τ)]3
[
dτ 2 + (σ3˜ + σ3̂)2
]
+
sinh2 τ
2 cosh τ
[
(σ1˜)2 + (σ2˜)2
]
+
cosh τ
2
(σ1̂ + σ1
cosh τ
)2
+
(
σ2̂ +
σ2
cosh τ
)2 , (234)
where the vielbein one-forms read [105]
ea = h−1/4(τ)δaµdx
µ, eτ =
µ2/3h1/4(τ)√
6K(τ)
dτδττdτ,
V i˜ =
µ2/3h1/4(τ)K1/2(τ)
2
sinh τ√
cosh τ
σ i˜, i˜ = 1, 2
V î =
µ2/3h1/4(τ)K1/2(τ)
2
√
cosh τ
σ î + σ i˜
cosh τ
 , î = 1, 2
V 3̂ =
µ2/3h1/4(τ)√
6K(τ)
(σ3˜ + σ3̂). (235)
The same procedure as the case without fractional brane gives the following Killing spinor
[105]
ǫ = h−1/8(τ) exp
(
−α
2
Γg1g2
)
ǫ0, (236)
where α is defined by
sinα ≡ − 1
cosh τ
, cosα ≡ sinh τ
cosh τ
. (237)
ǫ0 is a constant spinor but suffers from following constraints [105],
Γ⋆ǫ0 = −iǫ0, Γg1g2ǫ0 = −Γg3g4ǫ0, Γrg5ǫ0 = −iǫ0. (238)
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These constraints on ǫ0 determine that the Killing spinor ǫ should satisfy
Γ⋆ǫ = −iǫ, Γg1g2ǫ = −Γg3g4ǫ = i (cosα + sinαΓg1g3) ǫ, Γrg5ǫ = −iǫ. (239)
These three constraints imply that ǫ has only four independent components. Specifically, now
ǫ is independent of the coordinate on the world-volume of D3-brane. This four-component
Killing spinor means the only existence of N = 1 Poina´re supersymmetry. This indicates
that the conformal supersymmetry in the dual four-dimensional supersymmetric gauge the-
ory disappear due to the presence of fractional D3-branes.
VI. GRAVITY DUAL OF SUPERCONFORMAL ANOMALY AS
SPONTANEOUSLY BREAKING OF LOCAL SUPERSYMMETRY BREAKING
IN GAUGED ADS5 SUPERGRAVITY AND CONSEQUENT SUPER-HIGGS
EFFECT
A. Spontaneous Compactification of Type IIB Supergravity and Symmetry Breaking
in Gauged AdS5 Supergravity
The above analysis shows that the geometrical background represented by K-S solution
keeps less space-time symmetries in type IIB supergravity than AdS5×T 1,1 does. We choose
this solution as a classical vacuum configuration for type IIB supergravity and expand the
theory around such a background. The spontaneous of local symmetries in gauged AdS5
supergravity will occur and the consequent super-Higgs mechanism will take place.
To expound this physical phenomenon clearly, we first consider the case without D3-
fractional branes and the vacuum configuration for type IIB supergravity is AdS5 × T 1,1
given in (211). However, a gravitational system has geometrical meaning, expanding ten-
dimensional type IIB supergravity around such a vacuum configuration is actually a process
of performing spontaneous compactification of type IIB supergravity [15,18,108] on the com-
pact internal manifold T 1,1. According to the general idea of the Kaluza-Klein (K-K) com-
pactification [109], all the geometrical symmetries reflected in the internal manifold including
the supersymmetry it preserves should emerge as local symmetries in the compactified the-
ory. For example, the isometric symmetry of internal manifold becomes the gauge symmetry
of compactified theory. Therefore, for type IIB supergravity in the AdS5×T 1,1 background,
the isometry symmetry of T 1,1 is SU(2) × SU(2) × U(1) and it preserves eight supersym-
metries, the resultant theory after compactification should be N = 2 five-dimensional U(1)
gauged AdS5 supergravity coupled with N = 2 SU(2)×SU(2) Yang-Mills vector multiplets
and several Betti tensor supermultiplets, whose presence attributes to the nontrivial topol-
ogy of T 1,1 [110]. The local symmetries in N = 2 U(1) gauged AdS5 supergravity are the
N = 2 supersymmetry, SO(2, 4) space-time symmetry and U(1) gauge symmetry.
When fractional branes switch on, the fluxes carried by them deform AdS5× T 1,1 space-
time, and the space-time geometry is described by the K-S solution. In practical calculation
we use the UV limit of K-S solution — the K-T solution (216) [104]). The discussions in last
section show that the amount of the isometry symmetry of the deformed T 1,1 and super-
symmetries it preserves are less than that exploited from T 1,1. Therefore, the compactified
theory obtained from the compactification of type IIB supergravity on the deformed T 1,1,
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i.e., the five-dimensional gauged supergravity, should possess less local symmetries than
those extracted from T 1,1. This means that some of local symmetries break spontaneously
since the breaking takes place on the classical solution to type IIB supergravity.
A straightforward consequence of the spontaneous breaking of local symmetry is the oc-
currence of Higgs mechanism. Just like what usually done in gauge theory, we reparametrize
the field variable and “shift” the vacuum configuration described by the K-T solution back to
AdS5×T 1,1. The essence of this operation is performing local symmetry transformation and
transferring the non-symmetric feature of the vacuum configuration to the classical action.
Then we expand type IIB supergravity around AdS5×T 1,1 with newly defined field variables,
the action of five-dimensional gauged supergravity should lose some of local symmetries and
the graviton multiplet in gauged AdS5 supergravity should obtain mass by eating a Gold-
stone multiplet relevant to NS-NS- and R-R two-form fields in the K-S solution. In this
way, we reveal how the super-Higgs mechanism due to the spontaneous breaking of local
supersymmetry in gauged supergravity occurs. In fact, this phenomenon is well known in
the Kaluza-Klein supergravity [111]: when the internal manifold is deformed or squashed,
it keeps less symmetries for the compactified theory than the undeformed (or unsquashed)
internal manifold. This is the so-called “space invader” scenario and can be naturally given
an interpretation in terms of spontaneous breaking of local symmetry in K-K supergravity
[111].
Now we have realized following physical phenomena. On the field theory side the presence
fractional D3-branes is the origin for superconformal anomaly, while on gravity side, they
deform the AdS5 × T 1,1 space-time geometry of type IIB supergravity and hence lead to
the spontaneous breaking of local symmetries and the consequent super-Higgs mechanism
in gauged AdS5 supergravity. These two physical phenomena have common origin in brane
configuration and thus should be dual to each other in the gauge/gravity correspondence.
Before proceeding to establish the dual correspondence between the superconformal
anomaly in a supersymmetric gauge theory and the super-Higgs mechanism in gauged AdS5
supergravity, we review the compactification of type IIB supergravity on T 1,1.
The first step of performing the compactification on T 1,1 is writing the metric in (208)
as the Kaluza-Klein metric form,
ds2 = h−1/2(r)ηµνdx
µdxν + h1/2(r)dr2
+ h1/2(r)r2
19
(
g5 − 2A
)2
+
1
6
 2∑
r=1
(
gr −KarŴ a
)2
+
4∑
s=3
(
gs − Lbs ̂˜W b)2
 . (240)
In above equation, Kar and Lbs are components of Killing vectors Ka and Lb on T 1,1, they
are generators for SU(2) × SU(2) Yang-Mills gauge group in the resultant N = 2 U(1)
gauged supergravity coupled with six Yang-Mills vector supermultiplets,
[Ka1 , Ka2 ] = ifa1a2a3Ka3 , [Lb1 , Lb2 ] = if b1b2b3Lb3 ; (241)
Ŵ a = Ŵ aαdx
α and
̂˜
W
b
=
̂˜
W
b
αdx
α are the corresponding six SU(2) gauge fields in five-
dimensional space-time; Â = Âαdx
α is the U(1) gauge field corresponding to the isometry
symmetry U(1) and it constitutes a N = 2 supermultiplets with the graviton ĥαβ and
gravitini ψ̂iα (i = 1, 2) in five-dimensional gauged supergravity. The isometry symmetry
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and various other geometric symmetries manifested in the internal manifold such as the
supersymmetry it preserves all convert into local symmetries of the compactified theory. To
serve our purpose we concentrate only on the U(1) symmetry since it is the gauge symmetry
that enters space-time supersymmetry in N = 2 gauged AdS5 supergravity.
Accompanying with the K-K metric (240) the self-dual five-form in Eq. (208) should also
be modified to keep its self-duality since the Hodge star operation is defined with respect to
the metric [1],
F 5 = dC4 =
1
gs
∂rh
−1(r)dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ dr
+
L4
27
[
χ ∧ g1 ∧ g2 ∧ g3 ∧ g4 − dA ∧ g5 ∧ dg5 + 3
L
(⋆5dA) ∧ dg5
]
. (242)
Consequently, there exists locally
C4 =
1
gs
h−1(r)dx0 ∧ dx1 ∧ dx2 ∧ dx3
+
2L4
27
[
βg1 ∧ g2 ∧ g3 ∧ g4 − 1
2
A ∧ g5 ∧ dg5 + 3
2r
h−1/4(r) (⋆5dA) ∧ dg5
]
, (243)
where χ = g5 − 2A, ⋆5 is the five-dimensional Hodge dual defined with respect to AdS5
metric
ds2AdS5 = ĝ
(0)
αβ (x, r)dx
αdxβ =
r2
L2
ηµνdx
µdxν +
L2
r2
dr2. (244)
Obviously, the K-K metric (240) and F 5 are gauge invariant under local U(1) gauge trans-
formation in the gauged AdS5 supergravity,
β → β + Λ, A→ A+ dΛ. (245)
F 5 satisfies the Bianchi identity dF 5 = 0, which determines A is a massless vector fields in
AdS5 space, i.e., d
⋆5dA = 0.
Let us turn to the specifics of performing compactification on T 1,1 [112]. Usually when
performing compactification of a certain D-dimensional supergravity on AdSD−d ×Kd, one
should first linearize the classical equation of motion for field function Φ(x, y) ≡ Φ{J}[λ](x, y)
in AdSD−d × Kd background. In the above, Kd = G/H is certain d-dimensional compact
Einstein manifold, x and y are the coordinates on AdSD−d and K
d, respectively; {J} and [λ]
label the representations of local Lorentz groups SO(2, D−d−1) and SO(d) realized on field
functions,respectively. The next step is to expand the y-dependent part of field functions in
terms ofH-harmonics onKd, which are representations of the groupG branched (or reduced)
with respect to its subgroup H . If the internal manifold is Kd = Sd = SO(d + 1)/SO(d),
which is the maximally symmetric Einstein manifold, this procedure works smoothly since
now H is SO(d) and it coincides with local Lorenz group of the d-dimensional internal
manifold. However, if the internal manifold is a less symmetric one, then H is usually a
subgroup of SO(d). In this case, the field function representations of SO(d) are usually
reducible under the action of H . Therefore, only those H-harmonics that are identical to
the SO(d) field function representations branched by H can contribute to the expansion of
field functions on Kd.
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The compactification of type IIB supergravity on AdS5×T 1,1 is exactly like this. T 1,1 is
the coset space G/H = [SU(2)×SU(2)]/UH(1) and the generator of UH(1) is the sum T 3+T̂ 3
of two diagonal generators of SU(2)× SU(2). The harmonics on T 1,1 are representations of
SU(2)× SU(2) labeled by weights {ν} = (j, l),
Y (y) ≡
([
Y (j,l,r)(y)
]m)
. (246)
In above equation, m = 1, · · · , (2j + 1) × (2l + 1) are the representation space indices of
SU(2) × SU(2) and r is the representation quantum number for the U(1) group whose
generator is T3 − T̂3. This U(1) group is actually the R-symmetry group in the dual N = 1
supersymmetric gauge theory, which on the gravity side originates from the isometry group
SU(2) × SU(2) × U(1) of T 1,1. The representations (j, l) are reducible with respect to
the subgroup UH(1) and hence decompose into a direct sum of fragments labeled by the
UH(1)-charge qi,
[
Y (j,l,r)(y)
]m
=
⊕
i
[
Y (j,l,r)(y)
]m
qi
=

[
Y (j,l,r)(y)
]m
q1[
Y (j,l,r)(y)
]m
q2
...[
Y (j,l,r)(y)
]m
qN
 . (247)
The irreducible representations
[
Y (j,l,r)(y)
]m
qi
are called UH(1)-harmonics on T
1,1.
On the other hand, since the field function Φ{J}[λ](x, y) on AdS5 × T 1,1 lies in certain
representations of the local Lorentz group SO(2, 4)×SO(5), here {J}, [λ] denoting the rep-
resentation wights for SO(2, 4) and SO(5), respectively. The UH(1) is a subgroup of SO(5)
since the representation of its generator can be naturally embedded into the representation
of SO(5) generators [113]. The representations [λ] of SO(5) furnished by the y-dependent
part of Φ{J}[λ](x, y), which are denoted as
[
X [λ](y)
]n
, are also reducible with respect to
UH(1), n being the representation indices of SO(5) in field function space. The field func-
tion representation space thus decomposes into a direct sum of irreducible subspaces labeled
by the UH(1)-charge qξ,
[
X [λ](y)
]n
=
K⊕
ξ=1
[
X [λ](y)
]n
qξ
=

[
X [λ](y)
]n
q1[
X [λ](y)
]n
q2
...[
X [λ](y)
]n
qK
 . (248)
The irreducible representations
[
X [λ](y)
]n
qξ
in above equation are usually called the SO(5)
harmonics. The field function naturally admits an expansion in terms of the SO(5) har-
monics. Therefore, a UH-harmonics Y can contribute to the expansion of a field function
on T 1,1 only when it is identical to (or contains) certain SO(5) harmonics X . A detailed
analysis on how the SU(2)× SU(2) representations branched with respect to UH(1) appear
in the decomposition of the field function representations of SO(5) with respect to UH(1) is
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performed in Ref. [112]. Once the expansion of field function Φ{J}[λ](x, y) in terms of those
admissible UH(1)-harmonics on T
1,1 is known [112],
Φ{J}[λ](x, y) =
(
Φ
{J}
ab···(x, y)
)[λ]
=
N⊕
i=1
(
Φ{J}qi
)[λ]
=

Φ{J}q1 (x, y)
Φ{J}q2 (x, y)
...
Φ{J}qN (x, y)
 ,
Φ{J}qi (x, y) =
∑
(j,l)
∑
m
∑
r
Φ{J}(j,l,r)qim (x)
[
Y (j,l,r)(y)
]m
qi
, (249)
then we substitute it into the following linearized equations of motion of type IIB super-
gravity in AdS5 × T 1,1 background,(
K{J}x +K
[λ]
y
)
Φ{J}[λ](x, y) = 0. (250)
In above equations, a, b · · · are the indices of the [λ]-representation, K{J}x and K [λ]y are the
kinetic operators of type IIB supergravity on AdS5 and T
1,1, respectively. Usually there are
three types kinetic operators K [λ]y in supergravity: the Hodge-de Rahm- and Laplacian oper-
ators acting on the scalar, vector and antisymmetric fields; the Dirac and Rarita-Schwinger
operator acting on the fermionic fields and the Lichnerowicz operator on the symmetric
rank-two tensor field. All these three types of operators are (or are relevant to) certain
Laplace-Beltrami operators on T 1,1 = [SU(2)× SU(2)] /UH(1). Thus the action of K [λ]y on
UH(1)-harmonics gives [112]
K [λ]y
[
Y (j,l,r)(y)
]m
qi
=M
(j,l,r)
ik
[
Y (j,l,r)(y)
]m
qk
. (251)
This equation together with the linearized equation of motion (250) and UH(1)-harmonic
expansion (249) of field functions shows that M
(j,l,r)
ij are mass matrices for the K-K particle
tower Φ{J}(j,l,r)qkm (x) in AdS5 space,(
δikK
{J}
x +M
(j,l,r)
ik
)
Φ{J}(j,l,r)qkm (x) = 0. (252)
Therefore, the zero modes of the kinetic operator K [λ]y will constitute field content of the
compactified theory, which turned out to be the N = 2 U(1) gauged AdS5 supergravity
coupled with SU(2)×SU(2) Yang-Mills vector supermultiplets as well as some Betti tensor
multiplets [112].
B. N = 2 U(1) Gauged AdS5 Supergravity from Type IIB supergravity in AdS5 × T 1,1
Space-time Background
In this subsection, we show how the N = 2 U(1) gauged AdS5 supergravity comes from
type IIB supergravity in the AdS5 × T 1,1 vacuum configuration.
The action of type IIB supergravity is listed as the following [14,106],
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SIIB = SNS−NS + SR−R + SCS + SF,
SNS−NS =
1
2κ210
∫
d10xEe−2Φ
(
R + 4∂MΦ∂
MΦ− 1
2× 3!H(3)MNPH
MNP
(3)
)
,
SR−R = − 1
2κ210
∫
d10xE
(
1
2
∂MC(0)∂
MC(0) +
1
2× 3! F˜(3)MNP F˜
MNP
(3)
+
1
4× 5! F̂(5)MNPQRF̂
MNPQR
(5)
)
,
SCS = − 1
4κ210
∫
C(4) ∧ F(3) ∧H(3)
= − 1
4κ210
∫
d10x
1
4!× 3!× 3!ǫ
M1···M4N1···N3P1···P3C(4)M1···M4F(3)N1···N3H(3)P1···P3 ,
SF =
1
2κ210
∫
d10xE
[
− i
2
ΛΓMDMΛ +
1
4× 5!ΛΓ
MNPQRΛF̂(5)MNPQR
− i
2
ΨMΓ
MNPDNΨP − 1
8× 5!ΨMΓ
MNP
(
ΓUVWXY F̂(5)UV WXY
)
ΓNΨP
− i
48
κ10ΨMΓ
NPQ
(
F(3)NPQ − iH(3)NPQ
)
ΓMΛ + four-fermion terms
]
, (253)
which is further supplemented with the self-dual constraint on the five-form field strength
⋆F˜5 = F˜5. In above equation
F˜(3)MNP ≡ F(3)MNP − C(0)H(3)MNP ,
F̂(5)MNPQR ≡ F(5)MNPQR − 5
4
κ10C[(2)MNH(3)PQR] +
5
4
κ10B[(2)MNF(3)PQR]. (254)
The arising of N = 2 U(1) gauged supergravity from type IIB supergravity in the
AdS5 × T 1,1 background can be observed from the classification of the particle spectrum
under the AdS5 space-time supergroup SU(2, 2|1). The bosonic subgroup of SU(2, 2|1)
is SO(2, 4) × U(1), of which SO(2, 4) is actually the isometry group of AdS5 space-time.
Further, SO(2, 4) has the subgroup SO(2)×SO(4) = SO(2)×SU(2)×SU(2) and the U(1)
comes from the isometry group SU(2)×SU(2)×U(1) of T 1,1. This U(1) is the gauge group of
theN = 2 gauged AdS5 supergravity, while on the dual field theory side it is the R-symmetry
group for the N = 1 supersymmetric gauge theory in four dimensions. A representation
D(E0, j, l|r) of SU(2, 2|1) is labeled by the AdS5 energy E0, the SU(2) × SU(2) quantum
number (j, l) and U(1)-charge r. According to the representation of SU(2, 2|1), the K-K
spectrum of type IIB supergravity on AdS5×T 1,1 can be classified into a graviton multiplet,
four gravitino multiplets and four vector multiplets and also some Betti multiplets. The
massless gravitino supermultiplet (ĥαβ , ψ̂
i
α, Âα) constitutes the following representations of
SU(2, 2|1),
D(4, 1, 1|0)⊕D(7/2, 1, 1/2| − 1)⊕D(7/2, 1/2, 1|1)⊕D(3, 1/2, 1/2|0). (255)
These are the so-called maximal shortening representations to SU(2, 2|1) since the bound
for a unitary irreducible representation is saturated by this supermultiplet. That is, they
satisfy E0 = 2 + j + l, r = 2(j − l)/3.
Further, the above graviton multiplet indeed arises from the compactification of type
IIB supergravity on T 1,1. First, ĥαβ(x) is the massless mode in the scalar UH(1)-harmonic
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expansion ofHαβ(x, y), which is the AdS5 space-time component of ten-dimensional graviton
HMN(x, y); Âα is the linear combination of two massless modes in the vector UH(1)-harmonic
expansion of Hαa and C(4)αabc, which are the crossing components on AdS5 and T
1,1 of the
graviton HMN(x, y) and the R-R four form field C(4)MNPQ(x, y), respectively; ψ̂α comes
from the massless mode in the spinor UH(1)-harmonics expansion of ψα, which is the AdS5
component of ten-dimensional gravitino ψM [112]. Based on above compactification, the
action of N = 2 U(1) gauged AdS5 supergravity can be straightforwardly extracted out
from type IIB supergravity in the AdS5 × T 1,1 background,
Sgauged =
1
κ25
∫
d5xê
[
−1
2
R̂ − 1
2
ψ̂
i
αγ̂
αβγD̂βψ̂iγ − 3l
2
32
F̂ αβF̂αβ + · · ·
]
. (256)
In above equation we list only the quadratic sector of the action for graviton supermulti-
plet and omit the terms involving other Yang-Mills vector multiplets and Betti multiplets.
Eq. (256) shows that the graviton multiplet (Âα, ψ̂
i
α, ĥαβ) is massless. This graviton multi-
plet should be dual to the current supermultiplet (jµ, sµ, Tµν) of the supersymmetric gauge
field theory on the AdS5 boundary in terms of the holographic definition on AdS/CFT
correspondence [4],.
This scenario will change in terms of the gauge/gravity correspondence due to the su-
perconformal anomaly of the supersymmetric gauge theory.
C. Dual of Chiral R-symmetry Anomaly ∂µj
µ
We first review the dual description of the chiral UR(1) anomaly of N = 1 SU(N +M)×
SU(N) gauge theory from type IIB supergravity in the K-S solution background found in
Ref. [1].
When fractional branes are absent, the K-K metric and the five-form field shown in
Eqs. (240) and (242) are UR(1) gauge invariant after the compactification on T
1,1 is per-
formed. The graviton multiplet of gauged AdS5 supergravity is massless. When fractional
branes switch on, both the K-K metric (240) and the five-form (242) get deformed, but they
still keep UR(1) gauge invariant. However, as shown in Eq. (212), the field strength F(3)
of R-R two-form C(2) appears in the background solution and it depends on the angle β
linearly,
F(3) =
Mα′
2
ω3 =
Mα′
2
g5 ∧ ω2 = Mα
′
4
g5 ∧
(
g1 ∧ g2 + g3 ∧ g4
)
,
g5 = 2dβ + cos θ1dφ1 + cos θ2dφ2, (257)
it is not invariant under the rotation of β-angle. Like what usually done in dealing with the
spontaneous breaking of gauge symmetry, one should consider the fluctuations around this
F(3) and shift it as
F (3) =
Mα′
2
(
g5 + 2∂αθdx
α
)
∧ ω2. (258)
by introducing a new field,
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θ ≡ F
∫
S2
C2. (259)
In above equation F is a field function in ten-dimensional space-time. F(3) is obviously
invariant under the combined gauge transformation,
β → β + α, θ → θ − α. (260)
Further, F (3) can be rewritten in terms of the gauge invariant quantity χ ≡ g5 − 2A and a
newly defined vector field Wα,
F 3 =
Mα′
2
(χ+ 2Wαdx
α) ∧ ω2
≡ F (0)3 +Mα′Wαdxα ∧ ω2;
Wα ≡ Aα + ∂αθ, F (0)3 =
Mα′
2
χ. (261)
The vector field Wα and the U(1) gauge field Aα have the same field strength Fαβ , but
Wα has got the longitudinal component. Now we consider type IIB supergravity in the
symmetric vacuum configuration furnished by the metric (240), the self-dual five-form (242)
and this new R-R three-form field strength F
(0)
3 defined in (261). Taking into account only
the Einstein-Hilbert- and the R-R three-form terms in the classical action (253) of type IIB
supergravity, one has [1]
SIIB =
1
2κ210
∫
d10x
[
ER− 1
2
F3 ∧ ⋆F3 + · · ·
]
=
1
2κ210
∫
d10xE
−1
9
h1/2(r)r2F αβFαβ −
(
3Mα′
h1/2(r)r2
)2
W αWα + · · ·
 . (262)
The above equation means that the UR(1) gauge field coming from the compactification
of type IIB supergravity on T 1,1 has gained a mass, whose value depends on the fluxes
carried by fractional branes 8. This phenomenon exactly means the occurrence of the Higgs
mechanism: when fractional branes are present, the classical solution breaks the U(1) gauge
symmetry; after we modify the classical solution to make it gauge invariant, the classical
action of type IIB supergravity around this symmetric vacuum configuration loses gauge
symmetry and the U(1) gauge field acquires a mass.
8A rigorous analysis, which takes into account both the self-dual equation for five-form field
strength and the (αχ)-component in the Einstein equation of type IIB supergravity, was performed
in Ref. [120]. It showed that there actually exists another vector field Kα, which originates from
the fluctuation of the four-form potential C(4) and mixes with Wα. If considering only transverse
parts of Wα and Kα, one can diagonalize their coupled equations by taking a linear combination
W
(1)
α =Wα−54/[h(r)r4]Kα,W (2)α =Wα+54/[h(r)r4]Kα. The decoupled equations show thatW (2)α
is actually massive in AdS5 × T 1,1 limit. It is W (1)α that acquires a mass through the spontaneous
breaking of the U(1)-symmetry. In particular, the mass ofW
(1)
α acquired through Higgs mechanism
is at the order of (Mα′)2 rather than Mα′.
73
D. Dual of Scale Anomaly θµµ
To find the dual of scale anomaly, we first analyze how the local symmetry corresponding
to the scale symmetry on field theory side becomes broken in the K-S solution and how it
is related to the compactification of type IIB supergravity on the deformed T 1,1. Obviously,
the local symmetry that corresponds to the scale symmetry on field theory side should have
nothing to do with the isometry symmetry of internal manifold T 1,1, and it would rather be
related to the diffeomorphism symmetry of the AdS5 space. The argument for this state-
ment is motivated from Ref. [25], where it was shown that near the AdS5 boundary the bulk
diffeomorphism symmetry preserving the form of AdS5 metric decomposes into a combina-
tion of the four-dimensional diffeomorphism symmetry and Weyl symmetry. According to
the AdS/CFT correspondence at supergravity level, the four-dimensional diffeomorphism-
and Weyl symmetries are equivalent to the conservation and tracelessness of the energy-
momentum tensor of the four-dimensional supersymmetric gauge theory [24]. This suggests
that we should observe how the diffeomorphism symmetry of AdS5 space is spoiled by frac-
tional branes to look for the dual of scale anomaly.
When the fractional branes are absent, the near-horizon limit of this solution is AdS5 ×
T 1,1. Let us observe the diffeomorphism symmetry of type IIB supergravity (253) in this
background. Since we care about how the breaking of diffeormorphism symmetry affects the
graviton, so only the Einstein-Hilbert- and the self-dual five-form terms in the action (253)
are taken into account 9,
SIIB =
1
2κ210
∫
d10xE
(
R− 1
4× 5!F(5)MNPQRF
MNPQR
(5)
)
+ · · · . (263)
Using the expansion GMN = G
(0)
MN + hMN , we obtain the quadratic action for the graviton
in the background with only non-vanishing G
(0)
MN and F
(0)
(5)MNPQR,
SQ.G. =
1
2κ210
∫
d10x
√
−G(0)
[
−1
4
∇PhMN∇PhMN + 1
2
∇PhMN∇MhPN
+
1
4
∇Mh
(
∇Mh− 1
2
∇NhMN
)
+
(
R(0) − 1
4× 5!F
(0)MNPQR
(5) F
(0)
(5)MNPQR
)
1
4
(
1
2
h2 − hSThST
)
− 1
4× 5!
(
10hM
′[MhNN
′
F
(0)
(5)MNPQRF
(0) PQR]
(5)M ′N ′
−5
2
h hM
′[MF
(0)
(5)MNPQRF
(0) NPQR]
(5)M ′ + 5h
M ′M ′′h
[M
M ′′ F
(0)
(5)MNPQRF
(0) NPQR
(5)M ′
)]
=
1
2k210
∫
d10x
√
−G(0)
[
−1
4
∇PhMN∇PhMN + 1
2
∇PhMN∇MhPN
+
1
4
∇Mh
(
∇Mh− 1
2
∇NhMN
)
+
1
2
RMPNQh
MNhPQ − 1
2
hMNh PN RPM
9It is necessary to have this five-form term present since it produces the AdS5 space-time
background.
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+
27
32
πα′2N
h2(r)r5
(
hMNhMN − 1
2
h2
)]
=
1
2k210
∫
d10x
√
−G(0)
[
−1
4
∇PhMN∇PhMN + 1
2
∇MhMN∇PhPN
+
1
4
∇Mh
(
∇Mh− 1
2
∇NhMN
)
− 9
32
πα′2N
h2(r)r5
(
hMNhMN +
1
2
h2
)]
. (264)
We then perform the compactification on T 1,1 with the quadratic action (264). Taking into
account the background dependent and covariant gauge-fixing conditions Dξhξα = D
ξh(ξε) =
0, one can expand hMN(x, y) in terms of the UH(1)-harmonics on T
1,1 [112],
hMN (x, y) = (hαβ(x, y), hαξ(x, y), hξε(x, y)) ,
hαβ(x, y) =
∑
j,l,r
ĥ
(j,l,r)
αβ (x)Y
(j,l,r)
0 (y),
hαξ(x, y) =
∑
j,l,r
Â(j,l,r)α (x)Y
(j,l,r)
ξ (y) =
5∑
i=1
∑
j,l,ri
Â(j,l,ri)α (x)Y
(j,l,ri)
qi
(y),
h(ξε)(x, y) ≡ hξε − 1
5
gξεh
τ
τ =
∑
j,l,r
ϕ̂(j,l,r)(x)Y
(j,l,r)
(ξε) (y)
=
10∑
i=1
∑
j,l,ri
ϕ̂(j,l,ri)(x)Y (j,l,ri)qi (y),
hξξ(x, y) =
∑
j,l,r
π̂(j,l,r)(x)Y
(j,l,r)
0 (y), (265)
where Dξ is the SO(5) covariant derivative defined on T
1,1.
The eigenvalues of mass matrices of the K-K modes and their classifications under the
supersymmetry group SU(2, 2|1) in the AdS5 space-time are listed in Ref. [112]. The zero
modes will constitute the N = 2 U(1) gauged AdS5 supergravity coupled with Yang-Mills
vector multiplets and some Betti multiplets. Substituting the expansions (265) into (264)
and considering only zero modes, we get the quadratic action for the massless graviton of
N = 2 U(1) gauged AdS5 supergravity,
Sq.g. =
1
2k25
∫
d5x
√
−ĝ(0)
[
−1
4
∇̂γ ĥαβ∇̂γ ĥαβ + 1
2
∇̂γ ĥαβ∇̂αĥγβ
+
1
4
∇̂αĥ
(
∇̂αĥ− 1
2
∇̂β ĥαβ
)
− 1
l2
(
ĥαβĥαβ +
1
2
ĥ2
)
+ · · ·
]
. (266)
In the following we analyze the symmetry of above graviton action in AdS5 space-time
background. First, the graviton in the AdS5 background is the fluctuation around space-time
metric,
ds25 = ĝαβdx
αdxβ =
[
ĝ
(0)
αβ + ĥαβ(x)
]
dxαdxβ . (267)
The general coordinate transformation invariance determines the following infinitesimal
gauge symmetry for the graviton in the AdS5 space-time background,
δĥαβ = ∇̂(0)α ξ̂β + ∇̂(0)β ξ̂α, (268)
75
where the covariant derivative ∇(0)α is defined with respect to the AdS5 metric g(0)αβ . To verify
the masslessness of the graviton ĥαβ in AdS5 space, we observe the equation of motion
derived from the action (266) [114],
Eαβ ≡ 1
2
(
∇̂γ∇̂γ ĥαβ − ∇̂α∇̂γĥγβ − ∇̂β∇̂γĥλα + ∇̂α∇βĥ
)
+
1
2
ĝ
(0)
αβ
(
∇̂γ∇̂δĥγδ − ∇̂γ∇̂γ ĥ
)
− 2
l2
(
ĥαβ +
1
2
ĝ
(0)
αβ ĥ
)
= 0. (269)
ĥαβ contain non-physical modes due to the local symmetry (268) and the physical ones should
be the traceless and divergence-free (i.e., transverse and traceless) part of ĥαβ . Eq. (269)
gives the identity, ∇̂(0)β Eαβ = 0. This equation together gauge-fixing condition ∇̂(0)α ĥαβ = 0
gives exactly the right physical degrees of freedom for the massless graviton in the AdS5
space.
When fractional D3-branes switch on, the AdS5×T 1,1 background get deformed by R-R-
and NS-NS three-form fluxes carried by fractional branes. The isometric symmetries of the
deformed AdS5 and T
1,1 reduce. As explained above, when we consider type IIB super-
gravity in this background, the compactification on deformed T 1,1 occurs, and the isometric
symmetries of the deformed AdS5 and T
1,1 convert into the space-time- and gauge sym-
metries for the compactified theory. Therefore, less symmetries appear in the compactified
theory than the case of type IIB supergravity in the AdS5 × T 1,1 background. This phe-
nomenon can be considered as the spontaneous breaking of local symmetry in the gauged
AdS5 supergravity [111]. The broken symmetry should be the symmetry corresponding to
conformal supersymmetry on field they side, and the symmetry corresponding to Poincare´
supersymmetry should still persist. Further, the Higgs effect should take place since those
broken symmetries are local ones in the gauged AdS5 supergravity. In the following we
demostrate how the Higgs mechanism corresponding to the spontaneous breaking of local
symmetry SO(2, 4) to SO(1, 4) happens.
We start from type IIB supergravity in ten dimensions and consider the Einstein-Hilbert-,
self-dual five-form F(5) and NS-NS two-form B(2) terms listed in Eq. (253)
10,
SIIB =
1
2κ210
∫
d10xE
(
R− 1
2× 3!H(3)MNPH
MNP
(3) −
1
4× 5!F(5)MNPQRF
MNPQR
(5)
)
. (270)
The Einstein equation derived from the above classical action is
RMN =
1
96
F(5)MPQRSF
PQRS
(5)N +
1
4
(
H(3)MPQH
PQ
(3)N −
1
12
GMNH(3)PQRH
(3)PQR
)
. (271)
This equation of motion shows clearly that without the three-form fieldH(3)PQR, the self-dual
five-form flux should lead to a three-brane solution whose near-horizon limit is AdS5×T 1,1 if
the flat limit isM4×C6 [109], while the presence of three-form flux deforms the ASdS5×T 1,1
and leads to a less symmetric vacuum configuration for type IIB supergravity. According to
10For the simplicity of discussion we do not consider the R-R three-form sector.
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the general idea of the Higgs mechanism, we should make the vacuum configuration sym-
metric by performing a gauge transformation which re-parametrises the field variable. This
can be done by shifting the Ricci curvature and absorbing the three-form flux contribution
into the shifted Ricci curvature. Thus we define
R ≡ R− 1
2× 3!H(3)MNPH
MNP
(3) . (272)
Consequently, the above Einstein equation becomes the one with only the five-form flux as
the matter source,
RMN ≡ RMN − 1
4
(
H(3)MPQH
PQ
(3)N −
1
12
GMNH(3)PQRH
PQR
(3)
)
=
1
96
F(5)MPQRSF
PQRS
(5)N . (273)
It will give the three-brane solution whose near horizon limit is AdS5 × T 1,1. Eq. (273) also
means a shift of the Riemannian curvature,
RKMLN = RKMLN − 1
4
[
H(3)KMQH
Q
(3)LN
− 1
12× 9 (GKLGMN −GKNGML)H(3)PQRH
PQR
(3)
]
. (274)
In the following we expand the gravitational field around this “shifted” AdS5 × T 1,1
vacuum configuration. Just like revealing the Higgs phenomenon in gauge theory, hMN
must undergo a gauge transformation, which makes hMN pick up a longitudinal component
and become massive. That is, we have the following operation on background metrics and
graviton fields,
GMN = G
(0)
MN + hMN = G
(0)
MN + hMN , (275)
where G
(0)
MN and G
(0)
MN denote the symmetric and deformed AdS5 × T 1,1 metrics, respec-
tively, hMN and hMN are graviton excitations around these space-time background metrics,
respectively.
The above discussion is a qualitative analysis in ten dimensions. In the following we go
to five-dimensions. Using the explicit form of the K-T solution, we can find the explicit
conversion between the undeformed and deformed AdS5 geometry. The deformed AdS5
background in the K-T solution (216) is
ds2d−AdS5 = ĝ
(0)
αβdx
αdxβ ≈ r
2
L2
[1− A(r)] ηµνdxµdxν + L
2
r2
[1 + A(r)] dr2,
A(r) =
3
4π
M2
N
gs
(
1
4
+ ln
r
r0
)
, (276)
The logarithmic dependence on the radial coordinate in the deformed AdS5 space-time
background means that the SO(2, 4) isometry symmetry of AdS5 space breaks to SO(1, 4).
The (αβ) component of Eqs. (273) and the explicit form of NS-NS two-form B(2) given
in (216) determine that the deformed AdS5 vacuum background ĝ
(0)
αβ can be restored back
to the AdS5 metric ĝ
(0)
αβ by the diffeomorphism transformation,
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ĝ
(0)
αβ = ĝ
(0)
αβ − ∇̂(0)α B̂β − ∇̂(0)β B̂α. (277)
In above equation B̂α is a newly defined vector field relevant to the NS-NS two-form field
B(2) in the K-S solution,
B̂α = ∂α
[
G
∫
S2
B(2)
]
, (278)
where G, as F in (259), is a function in ten dimensions. The restored space-time background
metric ĝ
(0)
αβ now becomes invariant under the following diffeomorphism transformation in the
AdS5 space-time,
δxα = −ξ̂α, δB̂α = −ξ̂α. (279)
Therefore, the AdS5 space-time background is re-gained and the full SO(2, 4) space-time
symmetry is recovered. A straightforward observation for this symmetry restoration is that
B̂α provides a compensation to the non-symmetric part since B̂α also has ln(r/r0) depen-
dence.
Eqs. (275) and (277) determine that in the restored AdS5 space-time background the
graviton ĥαβ is related to the graviton ĥαβ in the deformed AdS5 space-time as the the
following,
ĥαβ = ĥαβ + ∇̂(0)α B̂β + ∇̂(0)β B̂α. (280)
Hence it picks up a longitudinal component. This shows that B̂α plays the role of a Goldstone
vector field in the AdS5 space [115].
Based on above analysis, we expand the classical action (270) to the second order of
graviton hαβ around the symmetric AdS5 background. Furthermore, as in usual gauge
theory, all of other fields such as B(2) must be replaced by their SO(2, 4) transformed versions
if they belong to certain non-trivial representations of SO(2, 4). The quadratic action of type
IIB supergravity in the deformed AdS5×T 1,1 background can be recast into the one around
the symmetric AdS5 × T 1,1 vacuum configuration,
SQ.G. =
1
2k210
∫
d10x
√
−G(0)
{
−1
4
∇PhMN∇PhMN + 1
2
∇PhMN∇MhPN
+
1
4
∇Mh
(
∇Mh− 1
2
∇NhMN
)
+
27
32
πα′2N
h
2
(r)r5
(
h
MN
hMN − 1
2
h2
)
+
1
2
[
R
(0)
MPNQ −
1
90
(
G
(0)
MNG
(0)
PQ −G(0)MQG(0)NP
) 1
2× 3!H
(0)
(3)RSTH
(0)RST
(3)
]
h
MN
h
PQ
}
=
1
2k210
∫
d10x
√
−G(0)
[
−1
4
∇PhMN∇PhMN + 1
2
∇MhMN∇PhPN
+
1
4
∇Mh
(
∇Mh− 1
2
∇NhMN
)
− 9
32
πα′2N
h2(r)r5
(
h
MN
hMN +
1
2
h
2
)
−1
4
× 1
2× 45
(
3gsMα
′
4
)2
72
r6h3/2(r)
(
h
MN
hMN − h2
) . (281)
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The last term indicates the arising of the celebrated Pauli-Fierz mass term for the graviton
in AdS5 space [116].
Performing compactification on T 1,1 and taking into account only zero modes in the K-K
spectrum, we obtain the massive AdS5 graviton due to the partially spontaneous breaking
of local diffeomorphism symmetry in AdS5 space-time,
Sq.g. =
1
2k25
∫
d5x
√
−ĝ(0)
[
−1
4
∇̂γĥαβ∇̂γĥαβ + 1
2
∇̂γĥαβ∇̂αĥγβ
+
1
4
∇̂αĥ
(
∇̂αĥ− 1
2
∇̂βĥαβ
)
− 1
L2
(
ĥ
αβ
ĥαβ +
1
2
ĥ
2
)
−1
4
m2
(
ĥ
αβ
ĥαβ − ĥ
2
)]
. (282)
The mass m can be explicitly evaluated through integrating over the internal manifold T 1,1.
E. Dual of γ-trace Anomaly γµs
µ of Supersymmetry Current
In this section we investigate the gravity dual of γ-trace anomaly of supersymmetry
current sµ. As discussed in Sect.V, the breaking or preservation of supersymmetry by
the K-S solution can be detected by observing the Killing spinor equation deduced from
supersymmetry transformations on graviton ΨM and dilatino Λ in the space-time background
described by the K-S solution. The Killing spinor equations in AdS5 × T 1,1 background is
listed in Eq. (226),
κ10δΛ = 0
κ10δΨM =
(
∂M +
1
4
ω ABM Γ
AB
)
ǫ+
i
480
κ10Γ
PQRSTF(5)PQRSTΓMǫ = 0. (283)
On the other hand, Eq. (233) gives the Killing spinor equation in the deformed AdS5× T 1,1
background,
κ10 δΛ = − i
24
κ10
(
F(3)MNP + iH(3)MNP
)
ΓMNP ǫ = 0,
κ10 δΨM =
(
∂M +
1
4
ω ABM Γ
AB
)
ǫ
+
i
480
κ10Γ
PQRSTΓMǫ
(
F (5)PQRST − 5
4
κ10C[(2)PQH(3)RST ] +
5
4
κ10B[(2)PQF(3)RST ]
)
+
1
96
κ10
[
Γ NPQM
(
F(3)NPQ + iH(3)NPQ
)
− 9ΓNP
(
F(3)MNP + iH(3)MNP
)]
ǫ⋆
= 0. (284)
Now we employ the same idea as looking for the dual of scale anomaly to find the dual
description to γ-trace anomaly of supersymmetry current. That is, we should define new
Λ and ΨM and make the Killing spinor equation (233) (or (284)) in deformed AdS5 × T 1,1
background recover to the form of Eq. (226) (or (283)).
A straightforward comparison between Eq. (283) and Eq. (284) implies that that we
should introduce a complex right-handed Weyl spinor Υ and define
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Λ′ ≡ Λ− 4iΥ,
Ψ′M ≡ ΨM − ΓMΥ. (285)
Then we use the identities of Γ-matrix in ten dimensions,
{ΓM ,ΓN} = 2gMN ,
ΓM1M2···Mn = Γ[M1ΓM2 · · ·ΓMn] =
1
n!
∑
P
(−1)δPΓaP (1)ΓaP (2) · · ·ΓaP (n) ,
ΓM1M2···MnN = ΓM1M2···MnΓN − nΓ[M1M2···Mn−1GMn]N ,
ΓNM1M2···Mn = ΓNΓM1M2···Mn − nGN [M1ΓM1M2···Mn], (286)
and assign the supersymmetry transformation of Υ as the following,
δΥ = − 1
96
(
F(3)MNP + iH(3)MNP
)
ΓMNP ǫ. (287)
In this way, the supersymmetry transformation (283) will be reproduced from (284) (up
to the linear terms in fermionic fields and to the first order in the gravitational coupling
κ10). Later we shall see that after the compactification on T
1,1, Υ will lead to the Goldstone
fermion . This Goldstone fermionic field should arise when the NS-NS- and R-R three-form
fluxes breaks one-half of local supersymmetries. Indeed, we can see that the supersymmetric
transformation for the compactified Υ is proportional to the transformation parameter with
the proportionality coefficient given by the three-form fluxes passing through S3. This is a
typical feature of the Goldstone fermion [118].
To show how the super-Higges effect takes place, we consider the quadratic part of the
gravitino action of type IIB supergravity,
Sgravitino =
1
2k210
∫
d10xE
[
− i
2
ΨMΓ
MNPDNΨP
− 1
8× 5!ΨMΓ
MNP
(
ΓUVWXY F(5)UV WXY
)
ΓNΨP + · · ·
]
. (288)
When the fractional D3-branes are absent, the space-time background is AdS5 × T 1,1 with
the self-dual five-form field strength,
Fx0x1x2x3r =
r3
gsL4
, Fg1g2g3g4g5 =
L4
27gs
. (289)
We put above fermionic action in the AdS5 × T 1,1 background. As stated above, the
compactification on T 1,1 will take place. The compactification of fermionic fields in type IIB
supergravity was processed as the following [18]. First, the explicit representation for Dirac
matrices ΓA in ten dimensions should be specified [112,18],
ΓA = EAMΓ
M , Γa = γ̂a ⊗ 14 ⊗ σ1, Γm = 14 ⊗ τm ⊗ (−σ2),
M = (α, ξ), A = (a,m), a = 0, · · · , 4, m = 5, · · · , 9, (290)
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{
ΓA,ΓB
}
= 2ηAB,
{
γ̂a, γ̂b
}
= 2ηab, {τm, τn} = 2δmn,
γ̂0 = −γ̂0 = iσ1 ⊗ 12 = i
(
0 12
12 0
)
, γ̂i = γ̂i = σ
2 ⊗ σi =
(
0 iσi
−iσi 0
)
,
γ̂4 = γ̂4 = iγ̂
0γ̂1γ̂2γ̂3 = σ3 ⊗ 12 =
(
12 0
0 −12
)
, i = 1, 2, 3;
τ 5 = τ5 = iγ̂0, τ
6 = τ6 = γ̂1, τ
7 = τ7 = γ̂2, τ
8 = τ8 = γ̂3, τ
9 = τ9 = γ̂4. (291)
In above equations, γa and τm denote the Dirac matrices inAdS5 space and T
1,1, respectively.
The above choice on Γ-matrices determine an explicit form for the four-dimensional γ5-
analogue in ten dimensions,
Γ11 = Γ11 = Γ
0Γ1 · · ·Γ9 = 14 ⊗ 14 ⊗ σ3 =
(
116 0
0 −116
)
. (292)
Consequently, the left-handed gravitino ΨM , the supersymmetry transformation parameter
ǫ and the right-handed dilatino Λ decompose as the following,
Ψα(x, y) = ψα(x, y)⊗
(
1
0
)
=
(
ψα(x, y)
0
)
,
Ψξ(x, y) = ψξ(x, y)⊗
(
1
0
)
=
(
ψξ(x, y)
0
)
,
Λ(x, y) = λ(x, y)⊗
(
0
1
)
=
(
0
λ(x, y)
)
,
ǫ(x, y) = ǫ˜(x, y)⊗
(
1
0
)
=
(
ǫ˜(x, y)
0
)
,
Υ(x, y) = χ˜(x, y)⊗
(
0
1
)
=
(
0
χ˜(x, y)
)
, (293)
where xα, yξ are the coordinates on AdS5 and T
1,1, respectively, and ψα, ψξ, λ˜ and η˜ are 16-
component Weyl spinor fields in ten dimensions. Further, we expand these field functions and
the local supersymmetry transformation parameter in terms of the four-component SO(5)
spinor harmonics Ξ(j,l,r)(y), and they can be further decomposed into the one-dimensional
UH(1)-harmonics Y
(j,l,r)
q on T
1,1 [112],
ψα(x, y) =
∑
j,l,r
ψ̂(j,l,r)α (x)Ξ
(j,l,r)(y) =
∑
j,l,r

ψ̂(j,l,r−1)α (x)Y
(j,l,r−1)
0 (y)
ψ̂(j,l,r+1)α (x)Y
(j,l,r+1)
0 (y)
ψ̂(j,l,r)α (x)Y
(j,l,r)
−1 (y)
ψ̂(j,l,r)α (x)Y
(j,l,r)
+1 (y)
 ,
λ(x, y) =
∑
j,l,r
λ̂(j,l,r)(x)Ξ(j,l,r)(y) =
∑
j,l,r

λ̂(j,l,r−1)(x)Y
(j,l,r−1)
0 (y)
λ̂(j,l,r+1)(x)Y
(j,l,r+1)
0 (y)
λ̂(j,l,r)(x)Y
(j,l,r)
−1 (y)
λ̂(j,l,r)(x)Y
(j,l,r)
+1 (y)
 ,
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ǫ˜(x, y) =
∑
j,l,r
ǫ̂(j,l,r)(x)Ξ(j,l,r)(y) =
∑
j,l,r

ǫ̂(j,l,r−1)(x)Y
(j,l,r−1)
0 (y)
ǫ̂(j,l,r+1)(x)Y
(j,l,r+1)
0 (y)
ǫ̂(j,l,r)(x)Y
(j,l,r)
−1 (y)
ǫ̂(j,l,r)(x)Y
(j,l,r)
+1 (y)
 ,
χ˜(x, y) =
∑
j,l,r
χ̂(j,l,r)(x)Ξ(j,l,r)(y) =
∑
j,l,r

χ̂(j,l,r−1)(x)Y
(j,l,r−1)
0 (y)
χ̂(j,l,r+1)(x)Y
(j,l,r+1)
0 (y)
χ̂(j,l,r)(x)Y
(j,l,r)
−1 (y)
χ̂(j,l,r)(x)Y
(j,l,r)
+1 (y)
 . (294)
In Eq. (294) ψ̂(j,l,r)α (x), λ̂
(j,l,r)(x), ǫ̂(j,l,r)(x) and χ̂(j,l,r)(x) are the four-component spinor fields
on AdS5; Ξ
(j,l,r)(y) are the four-component SO(5) spinor harmonics on T 1,1, and Y (j,l,r)q (y)
are the UH(1)-harmonics with UH(1)-charge q. Substituting the chiral decomposition (293)
and further the UH(1)-harmonic expansions for Ψα and Λ into their linearized equations
of motion and further taking into account only zero modes of the corresponding kinetic
operators on T 1,1, one can obtain the following quadratic action for the gravitino of the
N = 2 U(1) gauged AdS5 supergravity [112],
Sgravitino =
1
2κ25
∫
d5x e
[
− i
2
ψ̂
i
αγ̂
αβγD̂βψ̂iγ +
3
4L
ψ̂
i
αγ̂
αβψ̂iβ + · · ·
]
. (295)
Eq. (295) is the action for the massless gravitino of N = 2 U(1) gauged AdS5 supergravity,
and the second mass-like term is required by supersymmetry to accompany the cosmological
term inAdS5 space [117]; ψ
i
α is the SU(2) symplectic Majorana spinor and the indices i = 1, 2
label two gravitini of R-charges r = ±1, which arise automatically when the compactification
on T 1,1 is performed [112].
Now we come to the case with fractional branes. The AdS5×T 1,1 background is deformed
by the three-form fluxes carried by fractional branes. The gravitino action (288) can be
expressed in terms of either ΨM , Λ in the deformed AdS5 × T 1,1 background or the shifted
fields Ψ′M and Λ
′ in the AdS5× T 1,1 background. We focus on the second term of (288) and
re-write it in terms of the shifted fermionic fields shown (285). Up to the leading order of
κ10, we obtain
Sgravitino =
1
2κ210
∫
d10xE
[
− 1
8 × 5!ΨMΓ
MNP
(
ΓUVWXY F˜ (5)UVWXY
)
ΓNΨP + · · ·
]
=
1
2κ210
∫
d10xE
(
− 1
8× 5!
)(
Ψ
′
M +ΥΓM
)
ΓMNP
(
Γ(5) · F˜(5)
)
ΓN (Ψ
′
P − ΓPΥ)
= − 1
2κ210
1
5!
∫
d10xE
[
1
4
Ψ
′
αΓ
αβ
(
Γα1···α5F˜α1···α5 − Γα1···α5F˜α1···α5
)
Ψ′β
+Ψ
′
αΓ
αΓξ
(
Γα1···α5F˜α1···α5 − Γξ1···ξ5F˜ξ1···ξ5
)
Ψ′ξ
+ΥΓα
(
Γα1···α5F˜α1···α5 − Γα1···α5F˜α1···α5
)
Ψ′α −Ψ′αΓα
(
Γα1···α5F˜α1···α5 + Γ
ξ1···ξ5F˜ξ1···ξ5
)
Υ
−Ψ′ξΓξ
(
Γα1···α5 F˜α1···α5 + Γ
ξ1···ξ5F˜ξ1···ξ5
)
Υ+ΥΓξ
(
Γα1···α5F˜α1···α5 − Γξ1···ξ5F˜ξ1···ξ5
)
Ψ′ξ
−2× 5× 5ΥΓα
(
Γα1···α5F˜α1···α5 + Γ
ξ1···ξ5F˜ξ1···ξ5
)
Υ
−1
4
Ψ
′
ξΓ
ξε
(
Γα1···α5F˜α1···α5 − Γξ1···ξ5F˜ξ1···ξ5
)
Ψ′ε
]
, (296)
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where we have decomposed the ten-dimensional components of the fields into those on AdS5
and T 1,1 and used the following identities,
[Γα,Γα1···α5 ] F˜α1···α5 =
(
5gα[α1Γα2···α5] − 5Γ[α1···α4gα5]α
)
F˜α1···α5
= 5gαα1Γα1 − 5gαα1Γα1 = 0,[
Γξ,Γξ1···ξ5
]
F˜ξ1···ξ5 =
[
Γξε,Γξ1···ξ5
]
F˜ξ1···ξ5 =
[
Γαβ ,Γα1···α5
]
F˜α1···α5 = 0. (297)
Further, according to the explicit representations of Γ-matrices listed in (290) and (291), we
have
Γα1···α5 = −iǫα1···α514 ⊗ 14 ⊗ σ1, Γξ1···ξ5 = −ǫξ1···ξ514 ⊗ 14 ⊗ σ2,
Γα1···α5 F˜α1···α5 ± Γξ1···ξ5F˜ξ1···ξ5
= −i14 ⊗ 14 ⊗
(
0 ǫα1···α5F˜α1···α5 ∓ ǫξ1···ξ5F˜ξ1···ξ5
ǫα1···α5F˜α1···α5 ± ǫξ1···ξ5F˜ξ1···ξ5 0
)
. (298)
Substituting (298) and the Weyl spinor representations (293) into the action (296), we can
reduce Sgravitino to the following,
Sgravitino =
1
2κ210
i
5!
∫
d10xE
[(
1
4
ψα(14 ⊗ γαβ)ψβ − 2ψα(14 ⊗ γα)χ+ 5χχ
)
×
(
ǫα1···α5F˜α1···α5 − ǫξ1···ξ5F˜ξ1···ξ5
)]
= − i
2κ210
∫
d10x
√
−G10
[
3
L
1
gs
(
1 +
3
2π
gsM
2
N
ln
r
r0
)
×
(
1
4
ψα(14 ⊗ γαβ)ψβ − 2ψα(14 ⊗ γα)χ+ 5χχ
)]
. (299)
In above derivation we have used
1
5!
(
ǫα1···α5F˜α1···α5 − ǫξ1···ξ5F˜ξ1···ξ5
)
= −
√
−gAdS5 F0123r −
√
gT 1,1 Fg1g2g3g4g5
= −3h−5/4(r)27
4
πα′2Neff
r5
= − 3
L
1
gs
(
1 +
3
2π
gsM
2
N
ln
r
r0
)
. (300)
Eq. (299) shows the sign of super-Higgs effects in the gauged AdS5 supergravity [118].
Finally, substituting the UH(1)-harmonic expansions (294) for ψα and χ into (299) and inte-
grating over the internal manifold T 1,1, we obtain the five-dimensional gauged supergravity
from the compactification on T 1,1. If only the contributions from zero-modes are taken into
account, Eq. (299) yields the following terms of the five-dimensional gauged supergravity,
Sgravitino = − i
2κ25
∫
d5x
√
−ĝ(0)
(
3
4L
1
gs
+m
)(
−ψ̂iαγ̂αβψ̂iβ − 8ψ̂
i
αγ̂
αχ̂i + 20χ̂
i
χ̂i
)
. (301)
Finally, making a shift
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ψ̂i′α = ψ̂
i
α − γ̂αχ̂i, (302)
in above equation, we obtain an elegant result,
Sgravitino = − i
2κ25
∫
d5x
√
−ĝ(0)
(
3
4L
1
gs
+m
)
ψ̂
i′
αγ̂
αβψ̂i′β . (303)
In above action, the first term with coefficient proportional to 1/(Lgs) is the term accompa-
nying cosmological constant term, which is required by the supersymmetry in AdS5 space
[117]; The second one is the mass term for the gravitino of five-dimensional gauged super-
gravity. This mass is generated by the super-Higgs mechanism and is proportional to fluxes
M carried by the fractional branes, which can be seen clearly from Eq. (299).
F. N = 1 Goldstone Chiral Supermultiplet on AdS5 Boundary
We have shown that the superconformal anomaly multiplet of an N = 1 SU(N +M)×
SU(N) supersymmetric gauge theory in four dimensions is dual to the spontaneous breaking
of local supersymmetry from N = 2 to N = 1 and the consequent super-Higgs mechanism
in N = 2 U(1) gauged AdS5 supergravity, through which the N = 2 graviton supermultiplet
(ĥαβ ,ψ̂
i
α,Âα) becomes massive. A crucial ingredient in implementing this super-Higgs mech-
anism is the Goldstone fields θ, Bα and Υ in ten dimensions, which are defined in Eqs. (259),
(278) and (285) and (287). Since the superconformal anomaly in an N = 1 four-dimensional
supersymmetric gauge theory constitutes an N = 1 chiral supermultiplet [9,10]. Therefore,
the gauge/gravity dual means that θ, Bα and Υ should constitute a supermultiplet. Fur-
ther, according to the holographic version on AdS/CFT correspondence at the supergravity
level [3,4], θ, Bα and Υ after the compactification on T
1,1 should form an N = 2 Goldstone
supermultiplet in five dimensions and its AdS5 boundary value should be an N = 1 chiral
supermultiplet in four dimensions. This fact can be verified as the following. First, we make
use of the supersymmetric transformations for B(2)MN and F(3)MNP in type IIB supergravity
[106],
δG(3)MNP = 3∂[MδA(2)NP ]
= δ
[
F(3)MNP + iH(3)MNP
]
= 3∂[MδC(2)NP ] + 3i∂[MδB(2)NP ]
= 3∂[MǫΓNP ]Λ− 12i∂[Mǫ⋆ΓNΨP ]. (304)
This implies that locally there should exist
δA(2)NP ] = δC(2)NP + iδB(2)NP
= ǫΓNPΛ− 2iǫ⋆ (ΓNΨP − ΓPΨN) . (305)
When we restore the deformed AdS5 × T 1,1 back to the symmetric AdS5 × T 1,1 vacuum
background, the fermionic fields ΨM and Λ are reparametrized as shown in (285), the above
supersymmetric transformation becomes
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δA′(2)NP ≡ δA(2)NP + δA(Υ)(2)NP
= δC ′(2)NP + iδB
′
(2)NP
= ǫΓNP (Λ− 4iΥ)− 2iǫ⋆ [ΓN (ΨP − ΓPΥ)− ΓP (ΨN − ΓPΥ)]
= ǫΓNPΛ− 2iǫ⋆ (ΓNΨP − ΓPΨN)− 4i (ǫ− ǫ⋆) ΓNPΥ. (306)
where we use A
(Υ)
(2)NP to represent the parts of B(2)MN and C(2)MN whose supersymmetric
transformations depend only on Υ due to the shift on fermionic fields. Eq. (306) yields the
following supersymmetric transformation involving the Goldstone spinor Υ,
δA
(Υ)
(2)NP = −4i (ǫ− ǫ⋆) ΓNPΥ = 4 (Im ǫ) ΓNPΥ. (307)
We turn to the supersymmetric transformation of Υ given in (287),
δΥ = − 1
96
× 3 ∂[MA(Υ)(2)NP ]ΓMNP ǫ
= − 1
96
× 3
(
∂[MC
(Υ)
(2)NP ] + i∂[MB
(Υ)
(2)NP ]
)
ΓMNP ǫ
= − 1
32
ΓM
(
∂MA
(Υ)
(2)NP
)
ΓNP ǫ, (308)
where the following identity among Γ-matrix in ten dimensions is used,
ΓMNP = ΓMΓNP −
(
GMNΓP −GMPΓN
)
. (309)
Eqs. (307) and (308) show that A
(Υ)
(2)NP and Υ constitute a supermultiplet in ten dimensions
since their supersymmetric transformations form a closed algebra.
Further, from the definitions on Goldstone bosons given in (259) and (280),
θ = F
∫
S2
C(2), Bα = ∂α
[
G
∫
S2
B(2)
]
≡ ∂αω, (310)
we choose F = G 11 and define a new complex scalar field in ten dimensions,
ϕ ≡ θ + iω = F
[∫
S2
(
C(2) + iB(2)
)]
. (311)
Since in the K-S solution both C(2) and B(2) are proportional to ω2 = (g
1 ∧ g2 + g3 ∧ g4) /2,
the complex scalar field ϕ defined in (311) actually contains two complex (four real) scalar
fields,
ϕ1 ∼
∫
S2
(
C(2)g1g2 + iB(2)g1g2
)
,
ϕ2 ∼
∫
S2
(
C(2)g3g4 + iB(2)g3g4
)
. (312)
11This choice is always possible since in (259) and (280) F and G are introduced as arbitrary field
functions in ten-dimensions. Actually, the requirement that the Goldstone fields should constitute
a supermultiplet imposes this choice.
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Consequently, the supersymmetric transformations (307) and (308) for the Goldstone mul-
tiplet (A
(Υ)
(2)NP ,Υ) reduce to the following forms,
δϕ1 = 4 (Im ǫ) Γg1g2Υ˜,
δϕ2 = 4 (Im ǫ) Γg3g4Υ˜,
δΥ˜ = − 1
32
ΓM
[(
∂Mϕ
1
)
Γg1g2 +
(
∂Mϕ
2
)
Γg3g4
]
ǫ,
Υ˜ ≡
∫
S2
Υ. (313)
Further, recall that Υ and its supersymmetric transformation (287) are introduced to counter
the supersymmetric transformation in the K-S solution background so that the Killing spinor
equation (284) can be restored back to the Killing spinor equation (283) in the AdS5 ×
T 1,1 background. Therefore, the supersymmetry transformation parameter ǫ in (307)-(313)
should satisfy the constraint equations (239). Since we use the UV (large-τ) limit of the K-S
solution (i.e., the K-T solution), Eq. (239) yields
Γg1g2ǫ = −Γg3g4ǫ = limτ→∞ i
(
sinh τ
cosh τ
− 1
cosh τ
Γg1g3
)
ǫ = iǫ. (314)
So finally we get an elegant form for the supersymmetric transformation of the Goldstone
multiplet without resorting to the explicit forms of Γgm (m = 1, 2, 3, 4),
δϕ1 = −4i (Im ǫ) Υ˜,
δϕ2 = 4i (Im ǫ) Υ˜,
δΥ˜ = − i
32
ΓM
(
∂Mϕ
1 − ∂Mϕ2
)
ǫ. (315)
Substituting the ten-dimensional complex right-handed Weyl spinor Υ and the supersym-
metry transformation parameter ǫ listed in (293) into (315) and using
ǫ = ǫ†Γ0 =
(
ǫ˜†(x, y), 0
)
γ0 ⊗ 14 ⊗
(
0 1
1 0
)
=
(
0, ǫ˜(x, y)
)
(316)
we obtain
δϕ1(x, y) = −4i
(
Im ǫ˜
)
χ˜(x, y),
δϕ2(x, y) = 4i
(
Im ǫ˜
)
χ˜(x, y),
δχ˜(x, y) = − i
32
[
γα∂xα
(
ϕ1 − ϕ2
)
− iτ ξ∂yξ
(
ϕ1 − ϕ2
)]
ǫ˜(x, y). (317)
The following task is performing compactification on T 1,1 and reducing above supersymmet-
ric transformations to five dimensions. That is, we expand ϕp(x, y) (p = 1, 2), χ˜(x, y) and
ǫ˜(x, y) in terms of scalar- and spinor UH(1) harmonics as shown in (294), and then insert
these expansions into Eq. (317). Taking into account only zero modes in the expansions and
comparing both sides of Eq. (317), we obtain
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δχ̂i = − i
32
f ijp γ̂
α∂αϕ
pη̂j,
δϕ̂p = 4if pij η̂
i
χ̂j. (318)
In above equation, f ijp ≡ δijN jp (j is not summed), i, j = 1, 2 are the indices labeling fermions
with opposite UR(1)-charges, which arise naturally in performing the compactification of
fermionic fields on T 1,1; N jp are defined as the following:
N11 = N21 = 1, N12 = N22 = −1. (319)
f pij is related to f
ij
p in the following way:
f pij ≡ ǫpqδikδjlfklq , ǫ12 = −ǫ21 = 1. (320)
Eq. (318) together with (319) and (320) is exactly the supersymmetry transformation for
N = 2 hypermultiplet in five-dimensions [19,119].
We should further take the hypermultipelt (φp, χi) to the boundary of AdS5 space. In
principle, we can take a similar procedure as in initiated in Ref. [4] and carried out explicitly
in Ref. [22,23], where on-shell fields in gauged AdSd+1 supergravity can reduce to off-shell
fields of d-dimensional conformal supergravity on AdSd+1 boundary. However, here the
equations of motion for ϕp and χi are not clear. We naively require their behaviors near
the AdS5 boundary according to the physical reasonableness. A careful analysis shows that
near the AdS5 boundary Eq. (318) may convert into the supersymmetry transformation for
N = 1 chiral supermultiplet in four dimensions. This means that as expected from the
holographic version on gauge/gravity correspondence, the N = 2 Goldstone supermultiplet
(φp, χi) in the AdS5 space can constitute a chiral supermultiplet on AdS5 boundary, which
corresponds exactly to the superconformal anomaly multiplet of the N = 1 supersymmetric
gauge theory in four dimensions.
VII. SUMMARY AND DISCUSSION
We have highlighted that there exist two types of superconformal anomalies in a four-
dimensional classically conformal invariant supersymmetric gauge theory and they have dis-
tinct gravitational correspondences in the gauge/gravity dual. One type of superconformal
anomaly arises when the supersymmetric gauge theory couples with an external conformal
supergravity background and its existence depends on the non-trivial topology of the field
configuration of the external conformal supergravity background, which is usually called the
external superconformal anomaly [9,10]. The other one originates purely from the dynamics
of the supersymmetric gauge theory itself and its anomaly coefficient is proportional to the
beta function of the theory. It has nothing to do with the external field background and is
usually called the internal superconformal anomaly [9,10].
We have emphasized that the external superconformal anomaly can be partially cal-
culated from the AdS/CFT correspondence at the supergravity level, i.e., the holographic
version of the gauge/gravity dual. The AdS/CFT correspondence conjecture at supergravity
level, after the compactification on the compact five-dimensional Einstein manifold, predicts
that there should exist a holographic correspondence between the gauged AdS5 supergravity
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and the superconformal gauge theory on the boundary of AdS5 space. The off-shell confor-
mal supergravity in four dimensions plays the role of an intermedium: on one hand, it comes
from the on-shell five-dimensional gauged supergravity around its AdS5 vacuum configura-
tion and the superconformal symmetry of the conformal supergravity is relevant to boundary
decomposition of the AdS5 supersymmetry; on the other hand, the four-dimensional confor-
mal supergravity furnishes an external field background for the four-dimensional classically
conformal invariant supersymmetric gauge theory and hence the various conservation laws in
the supersymmetric gauge theory can be reflected in the preservation of the local symmetries
in conformal supergravity. These relations provide the justifications why the external super-
conformal anomaly can be evaluated from the gauged AdS5 supergravity. Of course, since
the holography between the gauged AdS5 supergravity and four-dimensional supersymmet-
ric gauge theory is only the lowest-order approximation to the AdS/CFT correspondence,
so only partial results of the external superconformal anomaly can be reproduced. One must
go to the AdS/CFT correspondence at string level to get the whole external superconformal
anomaly.
We have found the dual correspondence of the internal superconformal anomaly. We
first figure out that the internal superconformal anomaly reflects in the quantum effective
action as the running of gauge coupling and the shift of the CP-violation parameter as well
as the shift their superpartner in superspace. Further, we make use of the two distinct
features of D-branes in the weakly- and strongly coupled type II superstring theory. In a
weakly coupled case, a D-brane behaves as a geometric and dynamical object from which
a supersymmetric gauge theory can be extracted out; While in the strongly coupled case,
the D-brane arises as a solution to the type II supergravity, the low-energy effective theory
of type II superstring theory. Based on this fact, we realize that the fractional branes in
non-perturbative string theory are the source of the internal superconformal anomaly. Then
we go to the strongly coupled side of type II superstring theory and have observed that
the same fractional branes deform the brane solution. This brane solution is obtained in
the absence of fractional branes and its near-horizon limit is the product of the AdS5 space
and a compact five-dimensional Einstein manifold X5. Choosing the brane solution as a
vacuum configuration of type II supergravity, we get a five-dimensional gauged supergravity
since the compactification on the compact Einstein manifold will occur and its isometry
symmetry will become the gauge symmetry of the gauged supergravity. The deformation
on AdS5 × X5 makes the space-time background less symmetric. Therefore, we obtain a
gauged AdS5 supergravity with spontaneously broken gauge symmetry and consequently
the super-Higgs mechanism will take place. Since the origin of this super-Higgs mechanism
is exactly the fraction branes that lead to the internal superconformal anomaly. We thus
claim the dual of internal superconformal anomaly of a four-dimensional supersymmetric
gauge theory is the super-Higgs mechanism in the gauged AdS5 supergravity.
Anomaly is a typical quantum phenomenon in gauge field theory. Therefore, a clear
understanding to the gravitational correspondences of these two types of superconformal
anomaly will be significant for the comprehension on the gauge/garvity duality.
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